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Abstract

In this thesis there is approached the problem that consists in the mathematical mod-
elling of copper heap leaching. The mathematical model is formulated in the context of
the macroscopic theory of porous media (isothermal and without mechanical deforma-
tion). Specifically, we consider the classical two phase problem, with liquid and gaseous
phases, and a transport problem with the following components: sulphuric acid in liquid
phase, and copper’s ions in liquid and solid phase. Thus there spread previous works that
they consider to be conditions of saturated and not saturated flow. There is assumed that
the flow and transport problems are decoupled. The solution of two phase flow problem
is approximated applying a numerical scheme that combines the mixed finite element
method and finite volume scheme, whereas the solution of transport problem is approx-
imated applying a finite volume scheme combined with a finite element method. In flow
and transport models, a convergence analysis is realized. Finally, it’s presented several

computational experiments, with realistic parameters from copper industry of Chile.
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Resumen

Esta tesis trata el problema de modelar matematicamente el proceso de lixiviacion en pilas
de minerales de cobre. Se construye un modelo conceptual utilizando la teoria macroscépica de
flujo multifésico y transporte multicomponente en medios porosos (isotermal y sin deformacién
mecdanica). Especificamente, se considera el flujo de dos fases fluidas, una liquida y otra gaseosa,
junto con el transporte de las siguientes componentes: acido sulfirico en la fase liquida, y cobre
en las fases liquida y sélida. De este modo se extienden trabajos previos que consideran condi-
ciones de flujo saturado y no saturado. Se asume que los problemas de flujo y de transporte
estan desacoplados. La soluciéon del modelo matematico de flujo a dos fases es aproximada a
través de un esquema numérico que combina el método de elementos finitos mixtos y el método
de voliimenes finitos, mientras que la solucién del modelo matematico de transporte es aprox-
imada a través de un esquema de volimenes finitos combinado con un esquema de elementos
finitos. Para ambos esquemas numéricos propuestos, se efectia el correspondiente analisis de
convergencia. Finalmente, para los dos problemas considerados, se reportan diversos experimen-
tos computacionales con pardmetros, cuyos valores numéricos provienen de la industria chilena
del cobre.

Para una descripcion mds detallada (principales resultados, aportes y conclusiones) y

cuantitativa ver Capitulo 5.



Nomenclature

¢ volumetric concentration of sulfuric acid in solution [kg/m?]
¢ volumetric concentration of copper in solution [kg/m3]
s concentration of copper in solid phase [kg/kg]

D average value of D,, on Q x (0,7)

D,, molecular diffusion coefficient (= 0, in this thesis)

D,,  capillary diffusion coefficient

D tensor of hydrodynamic dispersion [m?/s]

G auxiliary function in Model Problem (= G,g)

fa fractional flow function

G, auxiliary functions in fractional flow formulation

G,  auxiliary function in fractional flow formulation

g gravity [m/s?]

g gravity vector (= (0,0, —g))

K tensor of absolute permeability (= kI, in this thesis) [m?]

kq equilibrium distribution constant (adsorption coefficient) [m?/kg]
k. first-order kinetic constant (extraction coefficient) [m3/(kg - s)]
k.o  relative permeability of the a-phase [—|

m,n van Genuchten parameters

xii
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Dec

Pd

Pa
R(t)
Tas o

Ja

S’LUT’

Sa

~

global pressure [Pa]
atmospheric pressure [Pal
capillary pressure function [Pa]
entry pressure |[Pal

pressure of a-phase [Pal
irrigation ratio [m/s]

source terms

fractional flow function [—]
real numbers

residual water saturation [—|
saturation of a-phase [m?/m?]
time [s]

total time of simulation [s]
flow velocity [m/s]

total velocity [m/s]

volumetric (flux or Darcy’s velocity) velocity of a-phase [m/s]

spatial point
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1—‘6.’[

s

phase (a = w,n)

liquid phase

gaseous phase

van Genuchten parameter

longitudinal and transverse dispersities

total mobility [(m - s)/kg]

phase mobility function [(m - s)/kg]

Brooks-Corey parameter [—|

solid bulk (dry) density [kg/m?]

density of a-phase [kg/m?]

first-order consumption factor (consumption coefficient) [1/s]
viscosity of the a-phase [kg/(m - s)]

porosity of ore bed (volume of void / volumen of bed) [m3/m3]
boundary of (2

boundaries, ex =14, 0,[,r, and 9Q =T*"uUT°UrUIr”

liquid content (= ¢s,)

complementary pressure

=1 — ¢, (volume of solid phase / volume of bed) [m?/m?



Introduccién (In Spanish)

El objetivo de esta seccién (segin el Decreto U. DE C. Nro. 2001-186, Universidad
de Concepcion) es motivar el problema tratado en esta tesis, presentar su estructura, sus

objetivos, y finalmente detallar las principales contribuciones realizadas.

Motivacion

El cobre constituye un pilar fundamental de la economia chilena. Ademas, se utiliza
mundialmente en una gran cantidad y variedad de productos tecnolégicos. Su extraccion
se realiza por las vias de pirometalurgia e hidrometalurgia, siendo esta tultima la respon-
sable de aproximadamente un tercio del cobre exportado por Chile (ver [25]), y es la que
se considera en este trabajo de tesis.

La via hidrometalirgica de extracciéon, consiste fundamentalmente en cuatro etapas: chan-
cado, lixiviacién, extraccién por solventes y electro-obtencion. De las anteriores esta tesis
considera el proceso de lixiviacion, cuyas principales variantes son: lixiviacién en pilas,
lixiviacion in-situ, lixiviacion en vateas inundadas y lixiviaciéon en botadero. En este sen-
tido, el tema central de esta tesis es la modelacion matematica del proceso de lixiviacion
en pilas de minerales de cobre en el contexto de la industria chilena, principal exportador
mundial de cobre (ver [25]).

El proceso de lixiviacion consiste en la disolucion del cobre presente en el mineral, luego
de ser atacado quimicamente por un agente lixiviante, mientras que el proceso de lix-
iviacién en pilas, consiste en un proceso de extraccion del metal contenido en un mineral

que ha sido previamente apilado sobre un lecho o carpeta impermeable. El mineral asi

XV
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apilado es sometido a un proceso de riego en la parte superior de la pila, con una solucién
de acido sulfurico, que percola por gravedad y va reaccionando con el mineral, a partir
de lo cual se obtiene una solucién rica en cobre. Esta solucién obtenida desde la base
de la pila se colecta en estanques y se envia a las plantas de extraccién por solventes y
electro-obtencion, en donde se obtienen catodos de cobre metélico de alta pureza. Como
subproducto se obtiene una solucién agotada, la cual es acondicionada y reutilizada en el
proceso de lixiviacién (ver [25]).

El proceso de lixiviacion en pilas corresponde a un fenémeno de flujo de fluidos y trans-
porte de componentes en un medio poroso. Efectivamente, la pila en si misma consti-
tuye un medio poroso, en donde coexisten fundamentalmente tres fases, dos fluidas y una
estatica. Las dos fases fluidas son la solucién de lixiviacién (cuyas principales componentes
son agua, acido sulfirico y cobre) y la fase gaseosa (cuyas principales componentes son
aire, oxigeno y vapor de agua, entre otras). Por otro lado, la tercera fase es la fase sélida
(cuyas principales componentes son el cobre formando compuestos con otros elementos,
més otras especies que dependeran del tipo de mineral), la cual estda constituida por el
mineral, que previamente ha sido chancado, aglomerado y apilado, segin una disposicién
trapezoidal (ver [14], [25], [36], [39], ¥ [46], por ejemplo).

Los dos fenomenos mencionados, esto es, el flujo de fluidos y el transporte de compo-
nentes, pueden suponerse acoplados o desacoplados. En esta tesis se suponen desacoplados.

Por lo tanto, ambos seran tratados de manera independiente.

Flujo a Dos Fases
Respecto del fenomeno de flujo de fluidos se distinguen tres casos:
Caso 1: Flujo Saturado. En este caso el espacio de poros o vacio, estd completamente
lleno por la solucién de lixiviacién. Se dice, entonces, que la lixiviacion se realiza bajo
condiciones de Flujo Saturado. Ver [39].
Caso 2: Flujo No Saturado. En este caso en el espacio de poros o vacio, coexisten las
dos fases mencionadas previamente, esto es, las fases liquida y gaseosa. Pero se supone que

la fase gaseosa estd estancada, esto es, posee presion y flujo constantes. Se dice, entonces,
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que la lixiviacién se realiza bajo condiciones de Flujo no Saturado. Ver [46].

Caso 3: Flujo Bifasico. En este caso el espacio de poros o vacio, coexisten las dos fases
mencionadas previamente, esto es, las fases liquida y gaseosa. Pero, a diferencia del Caso
2, NO se supone que la fase gaseosa esta estancada, esto es, se considera la interaccion
entre ambas fases, en cuanto a su movimiento en el espacio de poros. Se dice, entonces,

que la lixiviacién se realiza bajo condiciones de Flujo a Dos Fases o Bifdsico. Ver [36].

En esta tesis se desarrolla el Caso 3, constituyendo una de sus principales contribu-
ciones desde el punto de vista de la modelacién. En efecto, trabajos previos se ubican en
los Casos 1 6 2, siendo que existen situaciones de la préactica industrial, que se ubican en
el Caso 3, como por ejemplo, cuando ademés del proceso de irrigacién, se aplica aireacién
forzada, o el riego se realiza de manera intermitente. En relacion al tipo de mineral el

Caso 3 se aplica naturalmente a la lixiviacion de minerales sulfurados.

Transporte de Componentes.
Respecto del segundo fenémeno mencionado, esto es, el transporte de componentes, se
asume una pila formada principalmente por minerales oxidados. Se propone un modelo
matematico de transporte que considera al acido sulfirico como una de las principales

componentes en fase liquida, y al cobre como componente en las fases liquida y soélida.

En sintesis, la principal motivacion de esta tesis, es desarrollar un marco teérico lo
suficientemente amplio que permita modelar de manera integral el proceso de lixiviacién
en pilas, tanto de minerales sulfurados como de minerales oxidados. Los énfasis estaran
puestos en el modelamiento conceptual, mateméatico y numérico. Todo lo anterior tomando

como base la teoria de transporte multifasico-multicomponente en medios porosos.
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Organizacién de la Tesis

En el Capitulo 1 se presenta la construcciéon de un Modelo Conceptual (ver [5], [30],
y [36], para una explicacién detallada de qué es un modelo conceptual) para el proceso de
lixiviacion en pilas de minerales de cobre. El modelo conceptual propuesto se basa en la
teoria de medios porosos, y considera los fenémenos de flujo bifasico y transporte multi-
componente. El contenido de este capitulo fué publicado parcialmente en los articulos [9]

y [11], esto es,

[9] E.Cariaga, F.Concha, M.Sepiilveda, Simultaneous modeling of liquid
and gaseous phases in heap leaching for copper production, Proceeding of the
III International Copper Hydrometallurgy Workshop, Santiago, Chile, pp.301-
315, 2005.

[11] E.Cariaga, F.Concha, M.Septlveda, Flow and transport in leaching
heaps: application of the theory of multiphase flow through porous media,
Proceeding of the IV International Copper Hydrometallurgy Workshop, Vina
del Mar, Chile, pp.255-261, 2007.

En el Capitulo 2 se presenta un andlisis de convergencia del esquema numérico prop-
uesto para el modelo matemaético de flujo a dos fases. Dicho esquema numérico consiste en
una combinacion de los métodos de elementos finitos mixtos y de voliimenes finitos. Las
ecuaciones clasicas de flujo a dos fases inmiscibles e incompresibles son transformadas en
una formulacién equivalente del tipo flujo fraccional, que consiste en un sistema de ecua-
ciones en derivadas parciales del tipo eliptico-parabdlico. La ecuacion parabdlica consider-
ada se asume no degenerada. El analisis de convergencia se realiza calculando estimadores
a priori, a través de la introduccién de problemas auxiliares que permiten desacoplar el
sistema original fuertemente acoplado. Se consideran un esquema semi implicito y otro

completamente explicito.
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El contenido de este capitulo corresponde a la correccién (Corrigendum) del articulo
[10], en el cual se publicaron los resultados matemadticos correspondientes al Capitulo 2
original de esta tesis. Dicho capitulo contenia errores matematicos, los cuales fueron cor-
regidos de manera satisfactoria, debiendo ser necesario imponer una restriccién adicional

sobre el nimero de Peclet,

[10] E.Cariaga, F.Concha, M.Sepiilveda, Convergence of a MFE-FV method
for two phase flow with applications to heap leaching of copper ores, Computer
Methods in Applied Mechanics and Engineering, 196 (25-28), pp.2541-2554,
2007.

En este punto debemos agradecer la oportuna correccion del Profesor Dr. Mario Ohlberger,

al manuscrito original de esta tesis.

En el Capitulo 3 se presenta un analisis de convergencia del esquema numérico prop-
uesto para el modelo matematico de transporte, el cual esta constituido por un sistema
de tres ecuaciones diferenciales: una ecuacién diferencial parcial degenerada del tipo con-
veccion-difusién-reaccién, que modela la concentraciéon de dcido sulfurico en la solucién
de lixiviacién, y un subsistema formado por una ecuacién del mismo tipo (que modela
la concentracién de cobre en la solucién de lixiviacién) que la ya mencionada, acoplada
con una ecuacion diferencial ordinaria (que modela la concentracién de cobre presente
en la fase sdlida de la pila). El esquema numérico se basa en el método de volimenes
finitos (para el término convectivo) combinado con el método de elementos finitos (para
el término difusivo). El andlisis de convergencia se basa en una aplicacién del teorema
de Kolmogorov de compacidad. Se considera un esquema implicito. El contenido de este

capitulo corresponde al manuscrito [12], esto es,

[12] E. Cariaga, F. Concha, M.Sepilveda, Convergence analysis of finite
volume schemes for a compositional flow model in heap leaching of copper
ores, submitted, 2008.



En el Capitulo 4 se presentan distintos experimentos computacionales para los mod-
elos matematicos estudiados en el Capitulo 2 y en el Capitulo 3. El capitulo finaliza con
un andlisis de sensibilidad de las soluciones numéricas, ante pequenos cambios en los
parametros relevantes, para el modelo de transporte. El contenido de este capitulo fué
publicado parcialmente en los articulos [9] y [11], ya mencionados, y en el articulo [8], que

ademas detalla la implemetacién computacional de los métodos numéricos, esto es,

[8] E.Cariaga, F.Concha, M.Sepulveda, Flow through porous media with
applications to heap leaching of copper ores, Chemical Engineering Journal,
111 (2-3), pp.151-165, 2005.

Finalmente, en el Capitulo 5 se integran los principales hallazgos de la investigacin
realizada y se ubican en el contexto del conocimiento actual. Este Capitulo responde al
Decreto U. DE C. Nro. 2001-186, Universidad de Concepcion.
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Objetivos de esta Tesis

Los objetivos de esta tesis son:

1.

Construir un modelo conceptual para el proceso de lixiviacion en pilas de minerales

de cobre.

Aplicar la teoria de medios porosos bifasicos (inmiscibles e incompresibles) y multi-

componentes al proceso de lixiviacion en pilas de minerales de cobre.

Construir un modelo mateméatico para el fenémeno de flujo bifasico, en las fases

liquida (solucién de lixiviacién) y gaseosa.

Realizar un analisis tedrico de convergencia del modelo matematico de flujo bifasico

aplicando teoria y técnicas estandares.

Realizar experimentos computacionales para el modelo de flujo a dos fases utilizando

un dominio y parametros reales tomados de la industria del cobre en Chile.

Construir un modelo matematico para el fenémeno de transporte de las componentes

acido sulfirico y cobre en las fases liquida y sélida.

Realizar un analisis tedrico de convergencia del modelo matematico de transporte

de componentes, aplicando teoria y técnicas estandares.

Realizar experimentos computacionales para el modelo de transporte de compo-
nentes, utilizando un dominio y parametros reales tomados de la industria del cobre
en Chile.

Realizar un anélisis de sensibilidad de las soluciones numéricas del modelo de trans-

porte de componentes ante modificaciones en parametros relevantes.
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Principales Contribuciones de esta Tesis

Las principales contribuciones de esta tesis son la:

1.

Construccion de un modelo conceptual para el proceso de lixiviacién en pilas de

minerales de cobre.

Formulacién matematica del proceso de lixiviacion en pilas en el contexto de la
teoria macroscopica de medios porosos, con flujo a dos fases y transporte de multi-

componentes.

Realizacion de un anadlisis tedrico de convergencia para un modelo de flujo a dos
fases en el contexto de modelar el flujo de la soluciéon de lixiviacién y de la fase

gaseosa, al interior de una pila de lixiviacién de minerales de cobre.

Realizacion de un andlisis tedrico de convergencia para un modelo de transporte de

componentes al interior de una pila de lixiviaciéon de minerales oxidados.

Generaraciéon de codigo computacional para los problemas de flujo de fluidos y

transporte de componentes, al interior de una pila de lixiviacion.

Realizacion de un analisis de sensibilidad ante modificaciones de parametros rele-
vantes para el proceso de transporte en pilas de lixiviacién de minerales oxidados

de cobre.
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Chapter 1
Conceptual Model

One of the most powerful tools in investigating phenomenon in complex systems is
the conceptual model employed in all branches of physics, [5]. A conceptual model is the
description of a (hydro) system, subsystem or process which is able to represent those
aspects of the system behavior that are relevant for the model’s application, [30]. In this

chapter a conceptual model is developed for heap leaching of copper ores.

1.1 Introduction

Extractive metallurgy is the study and practice of separating metals from their ores
and refining them to produce a pure metal. The main subareas in extractive metallurgy
are hydrometallurgy, pyrometallurgy and electrometallurgy. In this thesis, the focus is on
hydrometallurgy, which correspond to the extraction and recovery of metals from their
ores by processes in which aqueous solutions play a predominant role. Hydrometallurgy
consists in the following sequential stage (see Figure 1): dissolution or leaching (LX), sol-
vent extraction (SX) and electrowinning (EW). The overall process of dissolution, solvent
extraction and electrowinning is known as LX/SX/EW (for more details cf., v.g., [25]).

In this thesis, the focus is on the leaching stage .
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Figure 1. Recovery of copper by solvent extraction.

Leaching is a method of extraction in which a solvent is passed through a mixture to
remove some desired substance from it. There are several types of leaching: heap leach-
ing, vat leaching, dump leaching and in-situ leaching. In this thesis, the focus is on heap
leaching process of copper ores.

Most companies, as a result of the favorable economics possible in heap leaching, consider
heap leaching an alternative to conventional processing (flotation, agitation and vat leach-
ing) [47]. This process is considered an integral part of most copper mining operations
and should determine, along with other factors, the cutoff grade of the material sent to
the mill.

Two distinct phenomena are of interest in the study of heap leaching: fluid flow (FF) and
the physicochemical reactions (PR). These two phenomena can be studied separately if
the extent of leaching of an element of solution that has participated in this process, and

the extent of leaching that an element of the heap has undergone, does not influence the



1.2 The Porous Medium 3

solution flow pattern. In other words, the solution flow pattern in a heap depends only on
the initial conditions of the heap. In general, researchers in heap leaching have separated
the fluid flow problem from the physicochemical problem. Decoupling of the flow compo-
nent from physicochemical one is possible only if the reaction is affecting neither the fluid
properties (e.g. its viscosity), nor the local geometry of the medium (as it would happen
in case of precipitation inside the pores of a crystal layer).

Copper ores usually contain a mixture of oxide and sulfide minerals. Oxide minerals are
solubilized by acid solutions, whereas sulfide minerals are solubilized only under oxidizing
conditions.

In this thesis both problems are considered, i.e., the FF and the PR problem. About the
FF model proposed in this work, it is applicable to oxides and sulfide minerals of copper
ores, and about the PR model proposed in this work, it is applicable to oxides minerals
of copper ores.

In the following section the heap leaching process for copper ores is presented in the

Porous Media Theory context.

1.2 The Porous Medium

Leaching can to be considered as a transfer process of mass between the leach solution
(fluid phase) and the ore bed (solid phase) [25, 36]. Additionally, the heap leaching process
can be considered as a two phase-compositional system in a porous medium. In effect, this
work consider two fluid phases: the leach solution and the gaseous phase, and one static

phase, the ore bed (cf. [14, 41]). This approach is applicable to oxides and sulfides minerals.

In this thesis, it is considered a simplified case of transport. En effect, the compositional
model consider two component in liquid phase: sulfuric acid (H2S0,), as leaching agent,
and copper (Cu), in liquid and solid phase (cf. [25, 39, 46]). This approach is applicable to
oxides minerals which, in general terms, have the following chemical reaction of dissolution

, 2
MinOxCusy + QH(J;q) — C’u(;z) + HyO,
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where MinOxzCu ) represent a oxides minerals of copper, present in the ore. Therefore,
this thesis consider a 2p2c model (cf. [30, 36]). On the other hand, a component can
be transferred from one phase into another by the change of the thermodynamic state
(e.g., by vaporization, condensation, dissolution, etc.). This phenomenon is called phase
transition, Figure 2 illustrates the occurring phase transitions in the 2p2c model (two

phase, two component) (cf. [36]).

GASEOUS LIQUID SOLID
PHASE PHASE PHASE
evaporation extraction & desorption
condensation adsorption
AIR AlIR y OTHERS
dissolution consumption
degassing

Figure 2. Phase transitions.

Let a REV (representative elementary volume) (see [30] for more details) in the porous
medium formed by the solid matrix and both fluids phases: liquid and gaseous. The
porosity of the porous medium is defined as

6(x.1) volume of the pore space within the REV
x,t) =
’ volume of REV ’

and the saturation of phase « is defined as

volume of fluid o within the REV
volume of the pore space within the REV’

Sa(x,1) :=
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where @ = w is the liquid phase and a = n is the gaseous phase. It is imposed the

customary property that the fluids fill the volume:
Sw + Sp = 1. (1.2.1)

In order to simplify the model, it is considered a two phase flow through a porous medium

with the following assumptions (see [39] for specific details):
e Flow occurs in a vertical plane 2D.
e Generalized Darcy’s law for multiphase flow is valid.

e The porosity and the absolute permeability are uniform in space and constant with

time.

e The porous medium is non-compressible, homogeneous and isotropic with respect

to the transversal and longitudinal dispersivity coefficients.

e In the void space there are only two fluids phases: the liquid phase (leach solution)

and the gaseous phase.

e The reaction between the acid and the particles of copper minerals proceeds in an

instantaneous fashion and is irreversible.
e The system is isothermal.
e The regime of flow is laminar.
e The physical properties of liquid phase are constants.
e The effect of the transport of solutes on the transport of fluid is weak.

In the following section, specifically, the FF model is presented.
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1.3 Two Phase Flow System

In this thesis, as mathematical domain, it is considered a 2D geometry, i.e, a transversal
cut of the heap (Figure 1). The boundary of Q C R2? i.e., 99 is expressed as 00 =
MU uUTtulT, where I' is the input boundary (zone of irrigation), I'° is the output
boundary (zone of drainage), I'" is the left boundary, I'" is the right boundary.

ri

°

Figure 3. Mathematical domain.

The continuity equations (cf. [5] or [30]) for each phase a = w,n are derived from the

mass balance in the REV:

8(¢pa5a)
ot

where ¢ is the porosity of the porous medium, p, ,s., V., are the density, saturation,

+ div(pava) = Ta, (1.3.1)

pressure, volumetric velocity of the a-phase, and r, is the source term (by assumption:
ro = 0, @ = w,n). As in the single-phase case, it can be shown by volume averaging or
homogenization techniques that the macroscopic phase velocity can be expressed in terms
of the macroscopic phase pressure by the generalized Darcy law

kra

o

K- (Vpa — pag), (1.3.2)

Vo = —
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where K is the absolute permeability of the porous systems, p., fia, kro are the pres-
sure, viscosity and the relative permeability of the a-phase, and g is the gravitational,
downward-pointing, constant vector. Therefore, (1.3.1) and (1.3.2) are the two-phase flow
equations. The pressure at the microscopic level has a jump discontinuity when passing
from one fluid phase to the other. The jump is called the capillary pressure. This fact is

reflected by a macroscopic capillary pressure at the macroscopic level:

pc(X7 t) = pn(xv t) — Pw (X7 t)’

The macroscopic consideration of the capillarity results in the following capillary pressure-

saturation relation: p.(x,t) = f(Sw, Sn), but s, + s, = 1, therefore p, is given by:

Pe(Sw) = Pn — Pu- (1.3.3)

With constrains (1.2.1) y (1.3.3), equations (1.3.1) y (1.3.2), represent a coupled dynamic
system of differential equations, which describes the simultaneous flow of two immiscible
fluids in a variable saturation porous medium. The behavior of the system of equations
is strongly nonlinear because there is a nonlinear dependence of the saturation on the

capillary pressures and on the relative permeability.

1.4 Compositional Flow Model

General Mass Balance
A mass balance must be specified for each component. The mass balance equations for

the transport of component £ in a-phase can be written as [3, 30]:

(9(95:&0,.@) i v (Cgva _ D(va)Vc;‘) + o, = 0, (1.4.1)

where ¢ is the volumetric concentration defined by

mass of component x in phase «

(67
CK/

)

volume of phase «

0, = 34, is the liquid content, v, is the Darcy’s flow of phase a, @, [kg/m3 - 5] is

the irreversible rate of solute removed (or added) from (to) the liquid solution, D is the
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dispersity-diffusion tensor given by

VU5

Dij = OéL|Va|5ij+(aL_aT) +Dm6Z]>

[Val
where ay, and arp are the longitudinal and transverse dispersities, respectively, d;; = 1 if
i =jand d;; = 01if i # j, and D,, is the molecular diffusion coeflicient (in this thesis
D,,, = 0). In the case of sorption, (3.2.1) is modified to include a retardation factor.

On the other hand, if is assumed that there is a isotherm between the liquid phase and

the solid phase p¢ = ¢ (c?), defined as

o mass of component in solid phase

P = mass solid phase ’

then (using the assumption that sorption only occurs from the liquid to the solid phase),
the equation for the liquid phase can be modified to include adsorption:
0(0upeet) | 0(6uct)
ot ot

where ¢4 := 1 — ¢, ps is ore bulk density. For example, the Freundlich linear equilibrium

+ V- (civy — D(v,)VeY) + @, =0, (1.4.2)

isotherm is given by 2 := p%(c%) = kyc®, where kg[m?/kg] is an equilibrium distribution

constant that is to be determined experimentally.

Basic Chemical Reaction
In this thesis the compositional model consider two component: sulfuric acid (H2S0,) in
liquid phase, as leaching agent, and copper (Cu) in liquid and solid phase. This approach is
applicable to oxides minerals which, in general terms, have the following chemical reaction
of dissolution (cf. [25, 39, 46]),

MinOxCusy +2H . — Cult

(ag) (aq) T H200);

where MinOxzCu ) represent a oxides minerals of copper, present in the ore.

Remark 1.4.1 For this Basic Chemical Reaction defined is enough to consider a not
saturated flow. That is, about the fluid flow problem is enough to solve the Richard’s
equation (make p,, equal to a constant on 2 x (0,T) in the two phase flow system (2.2.1)-
(2.2.6).
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Sulfuric acid transport equation

During migration through the porous media (heap) sulfuric acid reacts with the different
contained minerals, copper included. This reaction is an irreversible process that gives
rise to a consumption (neutralization) of the acid present in the liquid solution. Acid con-
sumption is assumed to be proportional to its concentration (uc? in (3.2.3)). Additionally,
and following [46], it is considered an adsorption/desorption phenomenon, which is mod-
eled using a equilibrium isotherm (¥ (c¥). Therefore, from (3.2.1) with @, := 0, uc?, the
transport equation of sulfuric acid in leach solution is given by

Apupsrt(c) | ABuct)
ot ot

where p is a first-order reaction constant (consumption factor) and ¢¥ is the volumetric

+ V- (v —D(vy)V?) + Opuct =0, (1.4.3)

concentration of sulfuric acid in leach solution.

Copper transport equation in liquid phase
The transport of copper ions through the heap is mainly governed by two processes. The
first process consists of a chemical reaction that occurs between the leaching agent and the
mineral particles. The copper present in the ore is solubilized passing from the solid to the
liquid phase. The kinetic involved is a the first order (psk.c¥cs in (3.2.4)) heterogeneous
reaction. Therefore, the first process is extraction of copper from the solid phase to the
liquid phase. The second process in the copper adsorption/desorption phenomenon, which
is modeled using a equilibrium isotherm (¢ (c¥) in (3.2.4)). Therefore, from (3.2.2) with

b, 1= dgpskec?cs, the transport equation of copper in leach solution is given by

Ogsr . ) 4 a(egtcc ) Y (@i~ D(vi) V) — bupihecics =0, (1.4.4)

where k. is a first-order kinetic constant, ¢} is the concentration of copper associated
with the solid phase (cf.(3.2.5)) and ¢? is the volumetric concentration of copper in leach

solution.

Copper transport equation in solid phase

The change in the concentration of copper in the solid phase follows the mass balance
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[39]:
8ci w S 8(9/)830100(0100))
5t + Oykecych = 5 (1.4.5)

where ¢ is the concentration of copper in solid phase, i.e.,

s mass of copper in solid phase

c, =

mass of solid phase

Therefore, the compositional flow model considered in this thesis, consists in to find func-
tions c¥, ¢¥ and 2, such that (3.2.3), (3.2.4), (3.2.5), respectively.

1.5 The Decoupled Approach

The decoupled approach consists in to solve the fluid flows and transport problems in

decoupled and sequential form. Specifically,

1. Two Phase Flow Problem.
To solve the system formed by the equations (1.3.1), (1.3.2), (1.3.3) and (1.2.1), (or
the Richard’s equation (make p,, equal to a constant on 2 x (0,7") in the two phase

flow system (2.2.1)-(2.2.6)) in the oxides minerals case).
2. Transport Problem.

(a) To solve the equation (3.2.3).

(b) To solve the system formed by the equations (3.2.4)-(3.2.5).

The numerical analysis of Two Phase Problem is performed in Chapter 2, and the numer-
ical analysis of Transport Problem is performed in Chapter 3. For both problems, several
computational experiments are reported in Chapter 4. Finally, in Chapter 5 (in spanish)

you can find a general discussion.



Chapter 2

Two Phase Flow Problem

In this chapter it is described error estimates for finite element approximation for
partial differential systems which describe two-phase immiscible flows in porous media,
with applications to heap leaching of copper ores. These approximations are based on
mixed finite element (MFE) methods for pressure and velocity and finite volume (FV) for

saturation. Incompressible fluids are considered.

2.1 Introduction

In this chapter it is considered the fluid flow problem only. It is used the classical
two-phase flow equations, which can be rewritten in different differential formulations so
that the coupling and nonlinearity are weakened. These formulations include, for example,
phase, global, and weighted formulations. It is considered the global formulation, specifi-
cally, the fractional flow formulation for two-phase immiscible and incompressible fluids.
It is well known that physical transport dominates diffusive effects in two-phase flow in
porous media. Hence, it is important to obtain accurate approximate fluid velocities. This
motivates the use of mixed finite element methods for the computation of pressure and
velocity, in equations (2.2.12) and (2.2.13). Also, due to the convection-dominated feature
of equation (2.2.14), efficient and accurate approximations methods should be used to

solve this equation. In this thesis finite volume method is utilized for the calculation of

11
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the saturation of leaching solution in equation (2.2.14), which is capable to resolve shock
fronts in a proper manner.

MFE-FV scheme for two phase flow problems were proposed in [26] and [44], but without
any convergence results. Convergence results for system (2.2.12)-(2.2.14), when f,,(s) = s,
=1, Dy(s) =€ >0,Gy(s) =0, ¢ =0 and s(x,t) = 0,x € I';t > 0 were proved in
[40]. A fully discrete finite element analysis of multiphase flow in groundwater hydrol-
ogy was given in [22] for a fractional flow formulation of system (2.2.1)-(2.2.6), in the
case when p,, is constant and p, = p,(p), with p global pressure. An error estimates for
finite approximations of system (2.2.12)-(2.2.14), which are based on MFE methods for
pressure and velocity and characteristic finite element methods for saturation was proved
n [21]. A procedure which consisted in a MFE method for pressure equation and an
upwind scheme was considered in [15]. It is based on a discontinuous finite element ap-
proximation associated with a slope limiter for saturation equation. In degenerate cases,
i.e., when D, (s) =0, for some s € [0, 1] in equation (2.2.14), the authors of [20] consider
a finite element approximation where the elliptic equation for the pressure and velocity
is approximated by a mixed finite element method, while the degenerate parabolic equa-
tion for the saturation is approximated by a Galerkin finite element method. In [38] the
author prove the convergence of a numerical method which combines an upwind time
implicit finite volume scheme for the saturation equation (hyperbolic-parabolic type) and
a centered finite volume scheme for the Chavent global pressure equation (elliptic type).
Additionally, the author study the case when the diffusion term in the saturation equation
is weakly degenerated. In [4] the authors formulate discontinuous Galerkin methods for
the numerical computation of incompressible two-phase flow in porous media.

A more detailed and extensive review of different numerical methods for classical two
phase equations, for immiscible and incompressible flow, can be found in [15], in the
reservoir simulation context, and in [30], in the environmental engineering context.

In this chapter it is obtained an rigorous proof of convergence for system (2.2.12)-(2.2.14),
when D,,(s) = D > 0. This is done by proving an a priori error estimate. The proof follows
the main ideas of [40]. But, additionally, the model consider a nonlinear convective term

and a nonlinear gravitational term, which is very important in heap leaching, because



2.2 Statement of the continuous problem 13

the flow is mainly vertical. In contrast to [40], the problem consider non homogeneous
Neumann boundary conditions, which corresponds to the physical behavior of irrigation
and infiltration process in Heap Leaching. Finally, it is obtained numerical results, with
realistic parameters from copper industry in Chile.

The chapter is organized as follows. In section 2.2, it is stated the continuous problem. In
section 2.3 it is stated the discrete problem. In section 2.4 it is presented the main results
of this work. In section 2.5 it is developed some preliminary results, which will be very
useful in the convergence analysis. In section 2.6 it is proved the convergence of the semi
discrete scheme. Finally, in section 2.7 it is proved the convergence of the full discrete

scheme.

2.2 Statement of the continuous problem

In this section it is presented the classical two phase, immiscible and incompressible
flow equations for the fluid flow problem in the context of Heap Leaching. Next, it is
defined a fractional flow formulation, for degenerate and non degenerate case in the weak

form. Finally, it is defined a model problem for the convergence analysis.
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2.2.1 Physical Problem

The flow equations of two-phase immiscible fluids in a porous media 2 C R?, are given

by equations (1.3.1), (1.3.2), (1.3.3), and (1.2.1), i.e

I Ppuwsuw) -~
20Pse) L (puva) = put
I Ppnsn) _
ot +V (pnvn) = Pnln,
k?“’w
Vw = ) (va - pwg)a
an
Vi = ) (Vpn - png)a

n
Pe(Sw) = Dn — Pu,
Sw + S, = 1.

In particular, in the context of heap leaching, the porosity ¢ is assumed constant, and the

densities p,, and p, are constants, there are no source terms q, =

¢, = 0, and K = kI.

Therefore, the Physical Problem for the fluid flow in heap leaching process is defined by

qﬁaﬂ +V. Vy = 07
gb% FVv, =0,
k/r'll)
vy = —k (Vpw — pug),
k?“n
v, = —k (VD — png),

pc(sw) = Pn — Pw>
Sw+ Sp =1,

(2.2.1)
(2.2.2)

(2.2.3)

(2.2.4)
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plus the initial and boundary conditions

Sw(X, 1) = s x €, t=0,
(X, 1) = pa x € Q, t=0,
(Vi - m)(%, 1) -R x eI, t >0,
(Ve -n)(x, 1) 0 , xel"ull, t>0, (2.2.7)
(Vpy -n)(x, 1) 0o x €I, t>0,
(Vs, -n)(x,1) 0 , xel"urtury t>o0,
(v m)(x,t) = 0 x el t>0,

where, as usual, n is the unit normal vector to 0f2, outward to €2, s¢ is the initial satu-
ration, p4 is the atmospheric pressure and R(t) > 0 is the irrigation ratio.

In what follows w will be omit in s,,.

2.2.2 Fractional Flow Formulation

Equations (2.2.1)-(2.2.6) can be rewritten in a different differential formulations so
that the coupling and nonlinearity are weakened. This thesis follows the fractional flow
formulation [15], i.e., a formulation in terms of a saturation and a global pressure. The
main reason for this fractional flow approach is that efficient numerical methods can
be devised to take advantage of many physical properties inherent in to flow equations
[22]. Now it is introduced the phase mobilities A, (s) := %, a = w,n, the total mobility
A(s) := Ay + Ay, the fractional flow functions f,(s) := 32, a = w,n, and the total velocity
u = v, + v,. Adding (2.2.1) and (2.2.2), and using (2.2.6), it is obtained V - u = 0.
Additionally, following [15], it is defined the global pressure

P = pn— /O (Fubl) (%, ), (2.28)

noting that Vp = Vp,, — fuVpe..



2.2 Statement of the continuous problem 16

Weakly Degenerate Formulation

Summing (2.2.3) and (2.2.4), and using the gradient computation in (2.2.8), it is
obtained for the total velocity

u=v,+v,=—k\NVp—G,g) (2.2.9)

where G = W. On the other hand, manipulating equations (2.2.3) and (2.2.4),

it is obtained A\, vy — AV = M A (Ve + (P — pn)g), and using (2.2.8), it is deduced

Vw = fu($)u—Dy(s)Vs—Gyu(s)g, (2.2.10)
v = fu(s)u—D,(s)Vs+ G,(s)g, (2.2.11)

where

Du(s) 1= =kXa(8) fu(8)pe(s)  Guls) = —kAn(s) fu(s)(pw — pn)

Di(s) 1= —kXuw(8) fa(s)pe(s)  Guls) = —kAuw(8) fuls)(pw — pu).
Therefore, collecting (2.2.9) and (2.2.10), it is defined an alternative formulation for the
system (2.2.1)-(2.2.6) which is called Fractional Flow Formulation

Vou=0, (2.2.12)
u=—k\s)(Vp—Gi(s)g), (2.2.13)
qb% + V- (fu(s)u— Dy(s)Vs — G, (s)g) =0, (2.2.14)

in the unknowns u, p, and s, with initial and boundary conditions given by

s(x,t) = so , XEQ, t=0,
p(x7t) = po b X E Q? t: Y (22 15)
(u-n)(x,t) = @i(s(x,t)) , xel, t>0, o

(v -m)(x,t) = @o(s(x,t)) , xel', t>0,

where the functions ¢; and ¢y are know from previous expressions.

Remark 2.2.1 Note that the equation (2.2.14) is parabolic and weakly degenerate, be-

cause Dy(Swr) = 0 and Dy,(1) = 0, where sy, is the residual saturation for the liquid
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phase. There is a large amount of literature written on degenerate parabolic problems, as
(2.2.14). Same theoretical results about existence and uniqueness can be found in [1] and
[42], for example. Furthermore, convergence results for different numerical discretization
schemes are also available (cf. [43], for example). However, none of this papers are in-
cluding the gravity term, or dealing with the fractional flow formulation. By another hand,
the authors of [20] and [22], for example, studied the degenerate case for the fractional
flow formulation. Finally, it is mentioned that in this Chapter the degenerate case is not

considered.

Non-Degenerate Formulation

Rather than a saturation, a complementary pressure was introduced in [18]. In this
form, the system formally appears to be non-degenerate. In effect, the complementary

pressure, i.e., the Kirchhoff Transformation, is defined as

0= — /OS(Anpr;)(x, €)de, (2.2.16)

where s is related to 6 through s = S(6), where S(x,60) is the inverse of (2.2.16) for
0 < 6 <6 with °(x) == — [ Ay fupi(x, €)dE.

Remark 2.2.2 Note that the transformation (2.2.16) has successfully been employed for
both the analysis of degenerate problems, as well as for deriving appropriate numerical
schemes, v.g., cf. [1] and [42].

From this definition it is obtained alternatives expressions for u, v,, and v,,, given by
u = —k(A(s)Vp+7(s)),

Vi = —k(VO+X(8)VD+7(s)) = fu(s)u — kVO — kya(s),
Vp = k(ve - )‘n(S)VP + 7;‘)(3))a



2.2 Statement of the continuous problem 18

where the definition of 7;,7 = 1,2,3 and 7, can be found in [18] and [20]. Therefore, it is

obtained an non-degenerate alternative formulation for system (2.2.1)-(2.2.6) given by

Vou=0, (2.2.17)
u=—k(AVp+1,), (2.2.18)
692 4V (fulshu — kY0~ bs)) = 0. (22.19)

in the unknowns u, p, and 6, with the initial and boundary conditions similar to (2.2.15).
The differential system has a clear structure; the pressure equation is elliptic for p and

the saturation equation is parabolic for 6 (degenerate for s).

2.2.3 Weak Formulation

Let the spaces V(g), W and M be defined as V(g) := {v € H(div;Q)|v-n = g,00},
W= {ve L*(Q)] [,v(x,t)dx = 0} and M := H'(Q). Additionally, let the bilinear forms
Aand B be defined as A(&; v, w) = [, a(§)v-wand B(v, ) := — [, ¢V-v. It is introduced
the weak form of the system (2.2.17)-(2.2.19): find u € L>*(J;V(¢1)), p € L>=(J; W), and
0 € L*(J; M), such that, s = S(0), ¢0:s € L*(J; M), 0 < 0(x,t) < 6*(x) a.e. on Qr,

B(u,v) =0,Yv € L=(J; W), (2.2.20)
A(s;u,v) + B(v,p) = (11(s),v), Vv € L>(J; V(0)), (2.2.21)

t t t
/ (pOys,v)dT —I—/ (Vu, Vo)dr = —/ (a(s),v)pr, Yo € L*(0,t; M), t € J, (2.2.22)
0 0 0

where a(s) := (kA(s))™" and 7y1(s) := —7,(s)/A(s).

EXISTENCE
Under the assumptions (A1)-(A10) defined in [18], the system (2.2.17)-(2.2.19) has a weak
solution in the weak sense of (2.2.20)-(2.2.22), (cf. Theorem 2.1 in [18]).

UNIQUENESS
If in addition to assumptions (A1)-(A11) defined in [18], the total pressure satisfies that
exists a constant C' > 0 such that |p(z1,t) — p(z2,t)| < Clxy — a9, for all z1, 29 € 2 and
for all t € J, then the weak solution is unique (cf. Theorem 3.1 in [18]).
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2.2.4 Model Problem for Convergence Analysis

In Heap Leaching it is physically reasonable to assume that there exits a residual

o
w?

saturation Sy, an initial saturation s, and a saturation of stability s of the leaching
solution, such that the capillary diffusion coefficient D,, in (2.2.14), satisfies Dy, (Syr) =
Dy, (1) = 0 and D,(s) > 0 on the interval [s%,s¢], and D,, € C°([s9,sS]), where 0 <
Swr < 82, < & < 1. Therefore, for convergence analysis the system (2.2.12)-(2.2.14) is
considered, when it is not degenerate, that is, it’s assumed the interval [s9,, s¢ | for the

saturation of liquid phase s.

Remark 2.2.3 The assumed bounds on D,, are depending strongly on the model. In gen-
eral, the lower bound is precisely 0, as encountered, for example, in the J-Leverett model for

two phase flow. Assuming that the initial and boundary data are bounded uniformly away

e
w?’

from the residual saturation s,.., respectively s, and that the medium is homogeneous,
then a mazximum principle holds implying the same bounds for the solution. Otherwise the

diffusivity D,, degenerates to 0. (Comment of Professor 1.S.Pop).

In order to simplify the convergence analysis it is replaced the nonlinear function D, in
(2.2.14) by the constant D > 0 defined as

1 S
D= 7/ Dy (u)du.
|SZ] - S?u| 58,

Additionally, it is considered a vectorial function d such that d(s(x,t))-n = ¢1(s(x,t)),x €
012, and define the new unknown w as w + d(s(x,t)) = u,x € Q,¢t > 0. Then, the ho-
mogeneous Neumann boundary condition holds for w. Also, let e be a vectorial function
such that e(s(x,t)) - n = pa(s(x,t)),x € 0N, and define the a new unknown u, as
u, +e(s(x,t)) = vy, x € Q,t > 0. Then the homogeneous Neumann boundary condi-
tion holds for u,,. Now, it is considered this simplifications in the system (2.2.12)-(2.2.14)
with (2.2.15) to obtain the Model Problem for the convergence analysis maintaining the

notation u for the total velocity.

Definition 2.2.1 Let Q C R? be a conver polygonal bounded domain, J := (0,T) a time
interval and Qr = Q x J. A mapping (u,p,s) : Qp — R x R x R? is called a Strong
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Solution (in the classical sense) of the model problem if for all (x,t) € Qp:
V-u=—-F(s), (2.2.23)
u=—a(s)(Vp— G(s)), (2.2.24)
% LV (fulsu— DVs) = Q(s) (2225)
where a(s) := kA(s). The initial and boundary conditions are given by
S = s, xe, t=0,
b = P, x€l £=0, (2.2.26)
u-n = 0 , xel', t>0,

(fu(slu—=DVs)-n = 0 , xe€T, t>0.
Remark 2.2.4 About the Model Problem,

1. For the porosity it’s assumed, without loss of generality, that ¢ = 1.

2. About the gravitational term G, (s)g, this will be considered at the end of this chap-

ter.

Remark 2.2.5 Let us state the following assumptions,

(A1) Q is a bounded open polygonal subset of R?.

(A2) There exits real numbers {Syr, %, S5}, such that, 0 < Sup < s

Dy(swr) = Dy(1) =0, D, € C([s2,55,]) and Dy (s) >0 on [s9, s5].

wr Cw w?r Tw

(A3) a, F,Q € L>([s9,s5)]).

(A4) G € L=([sy, su])-

(A5) fu is Lipschitz continuous with constant Ky, > 0.
(A6) fu. fir € L>([55, 55)).

(A7) f.(0) = 0.

< s, < 1,
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(A8) Q € L*(R).
(A9) a, F, G are Lipschitz continuous.

(A10) About the Peclet number Pe (cf. [5]), it is assumed that, there exits a constant
C >0, such that
[z (i

(22))
Pe = <C 2.2.27
€ D = ) ( )

where the constant C > 0, is independent of h, and depends on the reqularity of the
mesh and on the constant Ky, > 0 defined in (A5). For a detailed justification of
this hypothesis, please to see Remark 2.5.2, and the proof of Theorem 2.6.2.

Remark 2.2.6 Additionally to assumptions (A1)-(A10), it is mentioned that the func-
tions s and u defined in the Model Problem have the enough regularity, such that Vs €
L®(Qr), u € L*(Qr), Ou € L>(Qr), dus € L*(Q), and ;s € H*(Y), are satisfied. For
a full analysis of reqularity to see [18] and [19]. Note that this results are in general not

true in the degenerate case.

2.3 Statement of the discrete problem

2.3.1 Notation

It is follow a classical notation for unstructured grid for VF and MFE-VF methods
used previously in [40, 31, 35]. Let 7j, := {7} | is a triangle, i € I C N} be a unstructured
triangulation with fineness h of a bounded domain 2 C R2. It is assumed that the following

properties are satisfied:
Lo= T
TeT,

2. For T; # T; € T;, one and only one of the following properties hold: T; (N T; = 0 or
T;(T; = common node of T}, T; or T;()1; = common edge of T, T}.

3. h:= sup diam(T) < oc.
TeT,
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4. For any angle # of a triangle of 7, one has: 0 < 6 < 7/2.

5. There exits a; > 0, B; > 0,7 = 1,2, and h > 0 such that VI' € 7;, and for any edge
S, of the mesh, 31h? < |T| < B2h?, and ayh < |S,| < agh, with S, is an edge of T.

Additionally, it is used the following notation for the unstructured triangulation:
|T;|: area of T;,
x;: midpoint of the ambit of Tj,
N;: set of neighbor triangles of T3,
n,;: outward unit normal to 7; in direction 7}, j € Nj,
A: set of all edges of 7y,
d(x;, S;j): distance from x; to the edge S;;.

If f(-,t) is a piecewise continuous function on 7, and p, u, s is a solution of the model

problem, it is defined in addition for (x,t) € Qg:

1
h=g /T RIS

s;(t): a constant approximation (average value over one triangle) of s(-,t) onT; € 7,
n,(t): unit normal to edge a € A at time ¢, such that [ u(z,t)-n,(t)do >0,
T*: the neighbor triangle of a, such that n, is the outer (inner) normal of T

s (t): the upstream choice of s(-,t) on the edge a € A,

da = d(X:, CL) _I— d(X;, CL),

o =1 dy, K :=min~y,, and T := -
Ya := l(a)/dq, # 1= min~y,, an max y

For any variable 7, some times it is used 7} = 7;+ and m; = 7~ in order to lighten

the notation.
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Furthermore, it is used the following notation,

Jp i =A{t" e J | t" =nAt, with n € {0, ..., M}, such that MAt =T}
fr(x) == f(x,t"), for any function f(x,1).

For given discrete data s!' let the global function s, (-, t,) be defined as sl := s,(x,t")

T;
for all T; € 7;, and the global function s € L?(€2) it is defined the interpolation I, (s) as:

In(s( )]

1

= s(x;,t) for all T; € 7p.

The corresponding finite dimensional subspace of L?(Q) is defined as:
Q) = {v e L*(Q)|v|p = const, VT €T}
with the norm ||3h||l22(9) = Z |T]|s? Finally, let [sp], := si — s, be the jump of s, over

TjE'T}L
an edge a € A.

Remark 2.3.1 If (u,p, s) is a sufficiently smooth solution of the model problem, then it
is have, for all T; € Ty,

(0es); + (L(w)s); = (Q(s));, (2.3.1)
where L(u)s := V- (fu(s)u— DVs).

2.3.2 The Mixed Finite Element Part
Let Vj, and W), finite dimensional subspaces of V := V(0) and W, defined as
Wy =A{w, € W | wh‘T = const, VT € T,}
and Vj, is a lowest order Raviart-Thomas space.

Definition 2.3.1 For fized t € J let sp(x,t) be given. Then the mized finite element
scheme for the equations (2.2.23) and (2.2.24) is defined as: find (up(t), pn(t)) € Vi x Wy,
such that, for all (vi,@n) € Vi, X Wy

B(up(t), on) = (F(sn(t)), vn) (2.3.2)
A(sn(8): un (1), vi) + B pu()) = (G(sn(®)), V). (2.3.3)
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2.3.3 The Finite Volume Part

It is considered a cell centered finite volume scheme for the equation (2.2.25) with the
IBC (2.2.26), in the unknown s, i.e., the level of saturation of leaching’s solution. For an

arbitrary triangle T; € 7,

Ohs +V - (fw( Ju—DVs) = Qs),

1
—/ 8tsdx—|——/T (s)u— DVs)dx = TJ/T.Q(S)CZX’
— 8tsdx—|——Z/ (fw(s)u — DVs)-ndo = —/ Q(s)dx.
Tj

T; IEN;

From this last equality, it is defined the discrete relation (see [34])

atSh Z

T; IEN;
where Fj(u,sp) = g Spj, Sn) — Dvji(Sw — snj), it Sj;NoQ = 0, Fj(u,s,) = 0,

otherwise, and g¢;(+) is a Engquist-Osher numerical flux given by

9i1(W; snj, sn1) i = fu(Snj)ujy + fu(sn)ug, (2.3.4)

with ujj = . g, (u- n)*do. Tt is well know that the Engquist-Osher numerical flux g;(-)
defined in (2.3.4), satisfies [34]: for all r > 0, there exists a constant C' = C(r) > 0 such
that for all z,y,2",y" € B,(0)

95032, y) — gu( 2’ ) < Cr)h(lo — | + |y = o1, (2.3.5)

gin(52,y) = =gy, @), (2.3.6)

gz, x) = fw(:v)/ u-njdo. (2.3.7)
Sii

Note that the inequality (2.3.5) is a local Lipschitz condition, the identity (2.3.6) is the

conservation property and the identity (2.3.7) is consistency. Finally, the semi discrete

finite volume scheme is defined as
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Definition 2.3.2 Let (up(x,t),pn(x,t)) € Vi, x W), for (x,t) € Qp. Then sp(x,t) is

defined by the semi discrete finite volume scheme as
(Orsn)j + (Ln(an)sn); = (Q(sn));, VT € T (2.3.8)

1
where (Ln(w)sn); = = > Fu(uy, s) and sy,(-,0)|,, = (s°(-));. Additionally, the dis-
J lENJ‘ !
crete inner product is defined as (Lp(up)sn, Sp)n := ZTjshj(Lh(uh)shj)j.
J

2.3.4 The Combined Schemes
The semi discrete scheme

Let (u,p,s) the weak solution of the Model Problem (2.2.23)-(2.2.25) in the sense of
(2.2.20)-(2.2.22). It is defined the semi discrete combined and decoupled MFE-FE scheme

for the model problem as follows.

Definition 2.3.3 (Coupled) Find (ay,, pn,sp) : J — Vi, x Wy, x [2(Q) with:

1. Fort € J fized, (up(t), pn(t)) is a solution of the MFE scheme, i.e., for all (vy, pp) €
Vh X Wh.'

Blun(t).on) = (Flsu(t)). 1) (2.3.9)
Alsnlt); (). vi) + Bvipn() = (Glsnlt).va).  (2:3.10)
2. sp(t) is a solution of the semi discrete FV scheme:
(@usn(1)); + (L (B)su(£)); = (Q(su (1)), (2.3.11)
with si(-, 0|, = (s°();-
Definition 2.3.4 (Decoupled) Given t € J, find (W(t), p(t),3(t)) such that:
1. (@), p(t)) € Vi x Wy is a solution of:

Bu(t),en) = (F(s(t),¢n), VeneW,  (23.12)
A(s(t);a(t), vp) + B(vp, p(t)) = (G(s(t)),vn), Vvp € Vy. (2.3.13)
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2. 5(-,t) solves:

(Des(t)); + (Ln(a(t))s(t)); = (Q(s(t)));, (2.3.14)

with §(~,0)‘ = (s°(+));, for all Tj € Ty,

T;
where the functions s and u, the weak solution of the Model Problem (2.2.23)-(2.2.25) in
the sense of (2.2.20)-(2.2.22), are given.

The full discrete scheme

Let (u,p,s) be the weak solution of the Model Problem (2.2.23)-(2.2.25) in the sense
of (2.2.20)-(2.2.22), which are given. It is defined the full discrete combined and decoupled
MFE-FE scheme for the model problem as follows.

Definition 2.3.5 (Coupled) Find (Uy,, Py, Sy) : J, — Vi x Wy, x 12(Q) with:

0. Initial values: S = (s°);, for all Ty € Ty,

Forn =0 to M do:

1. For given Sp(-,t") let (Up(-,t"), Pu(-,t")) € Vi, x Wy, be defined as the solution of the
MFE scheme, such that, for all (v, pp) € Vi X Wy:

B(UL(-, "), n) = (F(Sh(- ")), ¢n), (2.3.15)
A(Sh(t"); U, 1), vi) + B(vi, Pu(-, 1) = (G(SL(, ™)), vi). (2.3.16)

2. For given (Up(-,t"), Py(-,t")) calculate Sy(-,t" ™) with the full discrete FV scheme,
defined as:

S;LLJ—H B S;LLJ n n n

— g T EalUn( 1)) Sh(87); = (QISK(")));, (2.3.17)
for all T; € Ty.

Definition 2.3.6 (Decoupled) Find (u,p, S) such that:
1. For each t" € Jy: (u(t"),p(t™)) € Vi, x W), is a solution of (2.3.12) and (2.5.13).
2. S(-, 1"t satisfies the initial condition §]° = (s°); for allT; € T, and for n =0 to M:

§Jn+1 . 5]” L )
—“x + (La(u(t)9); = (Q(s("));, (2.3.18)
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where §;L+1 = S(t"™) |z, for all Ty € Ty, where (,p, s) is the weak solution of the Model
Problem (2.2.23)-(2.2.25) in the sense of (2.2.20)-(2.2.22), which are given.

2.4 Main Results

Under the assumptions (A1)-(A10) and regularity’s conditions mentioned in Remark
2.2.6 it is proved in the rest of this chapter the Theorem 2.4.1 and Theorem 2.4.2.

2.4.1 Convergence of the semi discrete scheme

Theorem 2.4.1 Let (u,p, s) be the weak solution of the Model Problem (2.2.23)-(2.2.25)
in the sense of (2.2.20)-(2.2.22) and (up,pn, Sp) the solution of (2.3.9)-(2.3.11). Then
there exits constants K, > 0 and K* > 0, independent of h, such that:

||lu— uh||%oo(J;V) + |lp _ph||%°°(J;W) + s — ShH%""(J;L?(Q)PL

Dr / S n(s)(t) — sn(8)]2dt < h2K (14 57T,
S aeA

This Theorem will be proved at the end of section 6, after some previous results.

2.4.2 Convergence of the full discrete scheme

Theorem 2.4.2 Let (u,p, s) be the weak solution of the Model Problem (2.2.23)-(2.2.25)
in the sense of (2.2.20)-(2.2.22) and (Uy, Py, Sy) solution of (2.8.15)-(2.3.17). If At and
h satisfies the conditions (2.7.1) and (2.7.2), then there exits constants K,, K*, K > 0,
independent of At and h, such that,

n n n * % 2
lu(t,) = ULl + llp(ta) — Bl + [s(ta) — SillZzg) < Ku(h? + | At (K" + XA,

This Theorem will be proved at the end of section 7, after some previous results.
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2.5 Preliminary Results

It is have the following estimates from the geometric properties of an unstructured
grid [31, 35, 40]:

Lemma 2.5.1 Let 7T}, be a unstructured triangulation, T;,T; € Ty, x,y € T; U1y, 3,85, €
12(Q), Oys € L*(J; H*(Q)), s € H*(Q). Then there exits constants C; > 0,i =1,2,3,4,5,6
independent of h, such that:

1. |s(x) = s(y)| < Gillsl|w2¢zyum) -
2. |0ps(x) = Ois(y)| < Col|Oss|| m2(ryumy)-
3. Csllsnllfe) < Pacalsnli < llsnllEg)-
4- 115 = sullrz@) = [I5 = snllz)-
5. s = §||i2(9) < C4h2||3||§12(9) + |[In(s) — §||z22(9)'
6. 0.< 5, 515l < CollsliBiay. = +
Y151 Rraggoney < Collsl ooy
Remark 2.5.1 For the discrete inner product (Lp(W)sp, sp)n it is have the inequality,

(Ln(W)sn, sn)n = Dr > a2+ [snlaga(W; sty: 5p)- (2.5.1)
acA acA

The next lemma is the well-known Gronwall’s inequality.

Lemma 2.5.2 Let &, ¥ a continuous function in J = (0,T) with ¥ > 0. Moreover let
O(t) +V(t) < a+ ﬂfot O(7)dr for allt € J, and o, € R, B > 0. Then it is have,
D(t) + (1) < el < e,

A discrete version of Gronwall’s inequality is given by the next lemma.

Lemma 2.5.3 Let (¢")n=012.., (V" )n=012.. and (a"),—012... be positive sequences and
let oN + N1 <N+ (14 B8)pNt, for all N = 1,2,3,..., and 8 a non negative real
number. Then it is have, P + S "Ly < (00 + SV am)efN.
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Remark 2.5.2 About the Peclet number Pe (cf. [5]), it is assumed that, there ezits a
constant C' > 0, such that

| Lo (7200 (0)) <o " Cs

Pe := = =
‘ D 16K;, \ Cy’

(2.5.2)

where the constants C3,Cs > 0 are defined in Lemma 2.5.1, k > 0 is defined in section
2.3.1, and Ky, > 0 was defined in (A6). For an detailed justification of this hypothesis,
please to see the proof of Theorem 2.6.2.

2.6 Convergence of the semi discrete scheme

Lemma 2.6.1 Let § be the solution of (2.3.14) and (u, p, s) the weak solution of (2.2.23)-
(2.2.25) in the sense of (2.2.20)-(2.2.22). Assuming (A1)-(A10) and considering reqular-
ity in Remark 2.2.6. Then, for all t € J there exists a constant K > 0, independent of h
and D, such that the following estimate holds

Proof: by definition of s
__Z 7]1_‘_ Zgjl (t)) = R](t)a

where R;(t) := (0;s(t) — Q(t)),;. Multiplying by T}5;, summing up over all triangles 7},
applying >, Aj = >, (Ar+ + Ap-), and inequality (2.5.1) it is obtained:

DFLZ —i—Zga a7 a <DZ a7a+zga u; a7 Sq ~]a:Zﬂ§ij7
a J

that is,

Dk [4] <|Zga $5.8)Elal + 1D Ty3,F| = Hy + Ha.

J
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About Hl,
Hios (D ) (O
< D55 + g Sl
1 1
= 510D (Gl + fulGD)uz)* + 5= > I5li)
< S0 Sl bl )? + 5 S5
1 2 2 KK 1 212
< SRRl + 5 3l
About Hs,

H, = |ZT3] / (z)dz]

T;

Z/@MI
il

/wm
Q

|15]| 2 || Rl | 22 ()

3]z | Rl | 2(02)

1 ~ 1
5[92”3||122(Q) + Q_QHRH%Z(Q)]

1 N 1
5[92K3 Z[S]i + 9_2”R||%2(Q)]’

a

IN

IN

IA

IA

Finally, it is sufficient to choose 6; = 4/Dk and 0y = Dr/4K3.0

Theorem 2.6.1 Let (u,p,s) be the weak solution of (2.2.23)-(2.2.25) in the sense of
(2.2.20)-(2.2.22). If p(t) € HYQ), u(t) € (H'(N))? and diva(r) € H*(Q) for any
fized time T € J, then the scheme (2.8.12)-(2.3.13) has a unique solution (u(1),p(7)) €
V;, x W), and there exists a constant C' > 0, independent of h and c(1), such that:

I[(a — ) (7) || z@iviey + [|(p = 2)(T)]|22(02) < (2.6.1)
Ch(|p(T)| () + u(T)| @)z + |diva(T)| g (a))-
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Proof: by Theorem 1.1 en [29] it is obtained that the scheme (2.3.12)-(2.3.13) has a

unique solution (u(7),p(7)) € V,, x W), and there exits a constant ¢ > 0 such that

(=) ()|l @ivs) + [[(p = P) (T2 <

C[Uig‘f/h [[u(7) = val| g dive) + w;g‘ﬁ,h |Ip(7) = wal12(0)]-

In effect, the bilinear form A(s;-, ) is coercive and B(-,-) satisfies the inf-sup condition.
Finally, (2.6.1) follows from [20]. O

Theorem 2.6.2 Let s be the solution of (2.3.14) and (u, p, s) the weak solution of (2.2.23)-
(2.2.25) in the sense (2.2.20)-(2.2.22). Assuming (A1)-(A10) and considering regularity
in Remark 2.2.0. Let ej, be defined as e, :== s — I;(s), and let the assumption 2.2.27 hold.
Then, for allt € J there exists a constant K > 0, independent of h and D, such that the

following estimate holds

2
DR,z < k2

5 1l lZelsl 1z @) + D?lsl[z2g0) +

Dk

@Hunio].

a

Proof: for (L,(u)es); it is have (note that it is applied the notation s; = s(x}) = I(s)|r:
T;‘a* = +a _):

y & =3

(Ln(u)en); = —% zl:(el — &)+ T% zl: gi(usej,e)
= (Ln(w)3); — (Lu(u)ln);
- Ti] Z(—gﬂ(u? 55,51) + gu(a; s(x;), s(z)) + gj(usej, e))
= (Ln(u)s); — (Ln(u)In(s)),
- T% Z(—gﬂ(u? 55,51) + gu(a; s(x;), s(z)) + gj(usej, e))
= —(¥;(s) +p;(s))
- T% Z(—gﬂ(u; 5;,81) + gji(u; s(xy), s(m)) + gji(u; ej, €)).
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Multiplying this last equality by Tje; and summing up over all triangles 7} it is obtained

(Ln(w)en, en)n = ZTjej(Lh(u)eh)j

= —[(¥n(s),en)n + (on(s), en)nl
+ Z(—ga(u; 8a:82) + ga(w; s(xy), 8(x,)) + ga(Ws e, €;))[en]a;

a

where (cf. Lema 5.4 y Lema 5.6 in [40]), ¢;(s) := —TQJ_ ZzeNj Sjl[w — S% val Vs(-,t)-
ndo] and ¢;(s) == £ >, (gu(u; 55, 8) — fS-z fw(s)u-mn;). Now, using the inequality 2.5.1,
J J

it is get:
Dk Z[eh]i S Bl + B2 + B3 + B4 + B5,
where
By = —(¥n(s),en)n,
By = —(¢n(s),en)n,

By = _Z(ga(u; 52_75;)_/ u.naEl)[eh]a’
a Sa



2.6 Convergence of the semi discrete scheme 33

with By := fo,(55350) and By = f,,(2@255@)) About By, for all 6, > 0,

\B2| = ‘(‘Ph() )h|

= |Z (s)ej]
- \Zzgﬂusg,sz /fw S ng))e;|
= I awstos) = [ Al mlenld

IA

Z(/ (Ifw(sa) = fuls)l(@na)" + | fu(ss) = fuls)(u-na)7))l[enldl

a a

< Y (aeh) K7, 20018 g o |l oo Tenlal

a

1
< Oah* (o Ky, CrCol| ]| 2y | [l o) + % > lenlz.

a

About By, it is applied Lema 5.4 in [40]. For each #; > 0 it is have,

01
|Bil < KoDhl|s|| (D _leals)'* < W2 5 (EoDllsl|m2)” + 26 [6h]§,

a

with K, > 0 is a generic constant. About Bs note that,

|fu(s(23)) = Eo| < (K, /2)|s(2q) — s(za)| < (Kp, /2|8l o) * = +

Therefore, for each constant 65 > 0,

1

T 2
293 [eh] a’

0
| B3| < h2§3(OézKﬁUC'6||S||11r2(9)||Ul||oo)2 +

About By, it is applied the Lemma 2.6.1, and, in a similar way of Bs, it is have that for
each 6, > 0

K; . 6 1
B <3 / Tf|s:—sa||u|>[eh1aSh2§<a2wa||u||oo>K+g enl?
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where K; > 0 is from Lemma 2.6.1, that is, Kz > 0 is such that, Y, |57 — 5, > < K.
About Bs, note that |Ey — Ey| < (K, /2)(lef| + |e; |). Therefore, for all 65 > 0 it is have

[Bs| < D ISalllulloc| B2 — Exll[enldl

IA

K -
> ISalllullo Qf‘”(|€$|+|€a|)|[6h]a\

VAN

1
30K B 1S Plec T+ 3 15l o )

IN

1 2 2 2 1 2
5(95wa||u||oo2c5||€h||l2(9) + 2—95 - len]s)

IA

1
05 K7, |[ul[5.Csllenl () + b > lenl?
< 95wa||u||0063 § :[6h]a+ 9_5 § [6h]a‘

Therefore, collecting previous bounds,

1 1 1 1 1 Cs
D — (— — - S D K2 9 2 2 <K 9
(Dk (291 MR T 294) (95 - fw03||u||0095))§ Ten)2 < K12,

a

where K > 0 is a generic constant, and 6;,7 = 1,2, 3,4 are chosen such that, % + é +

ﬁ + ﬁ = & On the other hand 65 > 0, is chose such that ;- KJ% & 205 = %,
which have solutlon 05 > 0 if and only if ( £)? > 4(K7F, gg ||u||go) Please, note that this

last inequality is the origin and motivation of hypothesis 2.2.27.C]

Theorem 2.6.3 Lets be the solution of (2.3.14) and (u, p, s) the weak solution of (2.2.23)-
(2.2.25) in the sense of (2.2.20)-(2.2.22). Assuming (A1)-(A10) and considering reqular-
ity in Remark 2.2.6. Let ey, be defined as e, :== s — I1(s), and let the assumption 2.2.27
hold. Then, for allt € J there exists a constant K > 0, independent of h, such that

Dk
7 [atfih] < Kh2 /{

a
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Proof: (about the notation s; = s(z}) = I(s)|r+ y 8] = 8|7+,% = +, —). About (Ly(u)dsey);

it is have

(Ln(w)dien); =

_|_

J J

—y Z atel atej Yt + = Zgjl atej> atel

{——_ D> (05— 0i5) + f Z 91(0; 0,3, 0:51)}

l

{——Z(am Orsi) v + 7 Zgﬂ u; 055, Ors1) }

{ Z —g1(w; 0¢55, 0:51) + gji(w; Oysj, Orsy) + gu(u; Oe;, Oper)]}

(L ( )@8)] (L (w)3i1(s));

Tij Z[—gﬂ(w 015;,0,51) + gju(a; 0ysj, 0s1) + gji(u; Orej, Orey)]
—[wjl(é’ts)+s0j(8t8)]+[—(div(f (Os)u)); + (div(0,(fu(s)u)));]
Tij Z(Qﬂ(u% 0,5, 0451) — Dug(w: 55, 5))

Tij Z[—gﬂ(w 015;,0,51) + gj(a; 0ysj, 0s1) + gji(u; Orej, Orey)]
y(0) + 2y (00)] + [ (v fulBis)); + (@D Fuls)))]
Tij Z[_ﬁtgﬂ(“? $5,81)) + gu(u; i85, 9s1) + gju(u; Ore;, Oper)].

Multiplying this last equality by 7;0,e; and summing up over all triangles 7} it is obtained
(Ln(w)Osen, Oen)n = Hyi+ Ho+ Hsz, where, Hy := —(1)(0;s), sen)n, Ha := —(p(0;3), Oren ),
and Hy := ). T;0e;Z;, with,

Zj = —(div(fu(Ors)n)); + (div(0,(fu(s)u)));]

1 R
+ T Z[_atgjl(u§ 85,51)) + gju(w; Orsj, Orst) + gju(w; Ose;, Dyer).
T
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Applying the inequality 2.5.1 it is obtained Dk, [0ien|? < |Hi| + |Ha| + |Hj|, with
Hj =3, T;0e;Z7, where,

Z; = [—(div(fw(ats)u))j + (dw(at(fw(s)u)))j]

1 .
+ 5 D (=090 55, 50)) + 903 s, Opsi)]-
T

About |H,|, note that [H:| < 1[61(K,Dh||0;s||p2))* + 5 Z [0ren]?]. About |H,|, note
that

Ha| = (on(@s), hen)n
< 120 (ot 0) / Ful @) 1;)d0c,|
- \;[ga w dist, 0157) /Safw@s)u-nanateh]a\
< 3 / (a(00s5) ~ Ful@)0- o)+ 1£uf0057) = Ful@i)l - ma) e
< KiKp S0l s o 1l [Dres
S a

1 1

5 (O K 12 [l 0 oy + - D [0uen )

About |Hj|, note that

Hy = ZTjatej Zgjl w; 955, Oys1) — (div(fu(Ors)0));]
J

Z Tjﬁtej[i > 0igi(w; 55, 5) — (div(9,(fu(s)n)));]

* *
H3A - H3B‘
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About |Hj,l,
Hyy = ) Tkl Zgﬂ w; 0y, Ohs1) — (div(fon(Ors) )]
J

= S (0] =~ £ul0) 0+ (Ful0) = Ful@9) - 0) o),

IN

Z{/S [ fw(Orsq) = fu(@s)I|(w-na) | + | fu(Orsy) = ful(Ors)]|(w-na)~ [[}H[Oeen]al

< > Ky |Salllullel@es — usll[Oven]al

IN

1 1
3 O E KD D 0l + 5 L0l

1
5 103 (B, B2 [l 50) K 110hs [z N Zateh

IA

About |Hig),
iy = Znatej[izatgjz<u;§j,§l>—<dw<at<fw<s>u>>>j1
= Zate]Zatfw (3, uf; + O fu(B)uy, / O ful(s)u-ny)]
+ Z@te] Z Ful3)000% + Fu(3)0005 — / Fuls)0ru - )]
= Za:{/sa [0 fu(53) = O fu(s)) (0 10) ™ + (9 fu(8,) — Defu(s))(w-14) 7]} [Oren]a
+ ;{La[(fw(gi) — fu($))0(w - n0)" + (fu(5;) = fu(s)0i(u-na) 7]} [Oren]a

= Hjp, + Hip,
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About Hjg,, note that,

O fuw(Se) — Orfuls) =
fL(8)05: — fl(s)0s =
fio(85)0:5, — fo, ()08 + f1,(82)0us — f1,(83)0is =
fo(8)(0:8; — Ois) + (0u8) 1, (§)(55 — 5) =
Fo(SN(0:3; — Orsy) + (Ors; — 0us)] + (0e8) o, (5% — 53) + (55 — 5]

Therefore,

* _ * * * *
Hip, = H3py + Hipes + Hipes + Hipaa,

where,

Hipa = Z (i85, — 9hs3) (W n,)" [Drenla,

Hipo = 3 / £(50)(@15% — Bus)(a - 1) Beenla

Hipy = Y [ @O ) na) Bee

Hip = Y [ @O0~ o) 0 Bl
About Hip,.,

* 1 / ~% * 1
Hspa < 5104 D 1S Pllful ol lal 3l 0:3; — dhsyl + o > [enl?}

1 , .
< Sl full K4ZT|atea|2 4Z[ateh]2}
1
< Ol S KKl [Orenl i) + 5- Z&eh
<

1 1
5{94K]%WHUH§OK4K8K12 > [Oienls + o > [enl2}

a a
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About Hjpg o,

1 . 1
g < 5020 ISPl IullI0s; - 0l + 5= D loren)2)
1 1
< SIS D108 sy + 5 D l0venl)
<

1 1
5 105l ol ol B K5 Ko |0hs 2 ) + o > [oenlz}

IN

1 1
5 Gl LIl b K a0 ey + 52 Do [0henl2),

About Hjg,s,

iy < 5106 3 1S PlIosI Il = 5o + o 02}
S AR NPT SE AR 9O
< SOl LIl KoKl lenl oy + 5 B2}
< SOl Ko KooK S lenl2 + - S el
About Hjg,4,
Hip < 5060 ISPl Sl bl st = o + 5 S0}

a

1 1

< SO0 o el B Ko 3 sl + 5 Do 0henl2}
1 1

< SO0l ol el B Ko Kl s ey + - D [ohenl2)

<

1 1
5 1010 o e Tl K7 Ko 3] 2y + o > [Genlz}.



2.6 Convergence of the semi discrete scheme 40

About Hjg,, note that,

S / (Ful55) = Fu()0(u- 1)) Brenle <

S Sulll0lloc s, 55 — sll[Dhenla] <

SO [Sall10lloo K (155 — 551+ |55 — Dl Beenlal <

S Sa 10l s 5 — st 11 Buenlal + 3 1SalllBrulloo s |sE — sllBenla] <
1 1

SO, ol enlfey) + o Sl0enlZ} -+

a

1 1
5 100 (KT K, 2 I3[ Frae)) + % > [Oenlz})

Therefore, Dk, [Oren|2 < |Hi|+|Ha|+|Hi 4|4+ | Hig,| + | Hip|- Finally, it is choose the val-
ues 0; = 16/(Dk),i=1,2,3,5,6,7,8,9. About 64 > 0 it is imposed é+94K126K]%w||u||go =
%, with K% := C5/Cs. This last equality for 6, has solution under the hypothesis 2.2.27.
U

The next lemma, which correspond to Lemma 5.12 in [40], establishes the stability of the

decoupled semi discrete schemes.

Lemma 2.6.2 Let (u,p,s) be the solution of (2.8.12)-(2.3.14). Then ezists constants
K,, K* > 0, independent of h, such that for allt € J the following estimates hold:

()| L) + PO L~ @) < K,
IHOIIZI

The next lemma establishes the stability of the nonlinear semi discrete and full discrete

schemes.

Lemma 2.6.3 Let (up, pp, sp) be the solution of coupled semi discrete scheme defined in
Definition 2.8.3, and (Uy, Py, Sy) be the solution of coupled full discrete scheme defined
in Definition 2.8.5. Assuming (A1)-(A10) and considering regularity in Remark 2.2.6.
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Then, there exists constants K., K* > 0, independent of h and At, such that for allt € J
the following estimates hold, |[uy(t)||rer) < Ks and [|[Up||ze @) < K.

Proof: both discrete mixed finite element schemes, (2.3.9)-(2.3.10) and (2.3.15)-(2.3.16)
can to be considered as particular cases of this discrete problem: given the function ¢, €
12(Q) and t € J fixed, to find (wy, qn) € Vi, x Wy, such that for all (v, ) € Vi x Wy

B(wh,on) = (F(ch), ¥n)
A(cn; Wi, Vi) + B(vi,qn) = (Glen),vn).

This problem was studied in [7] and [17], for example. Therefore, is enough to apply in-
equality (4.1) of [7], or inequality (7.13) of [17], under the assumptions a, F' € L*([s%, s¢])
and G € L*([s,, s5]), with A(cp; Wy, vi) == [, a(ch)wy - vida.

O

Theorem 2.6.4 Let (up,pp,sn) be the solution of (2.8.9)-(2.5.11), (u,p,s) the solu-
tion of (2.8.12)-(2.3.14)and (u,p, s) the weak solution of (2.2.23)-(2.2.25) in the sense
of (2.2.20)-(2.2.22). Assuming (A1)-(A10) and considering regularity in Remark 2.2.6.
Then, exists a constant K > 0, independent of h and D, such that for all T € J the

following estimate holds:

[(wn = 0)(T) | (i) + [[(on = P)(7)[12(0) < K1+ [[a(7)]]zoo@) (s = s0) (7| 22()-

Proof: subtracting (2.3.2)-(2.3.3) from (2.3.12)-(2.3.13) it is get

B(uj,, on) = (F(sn) — F(s), ¢n),
A(sniag, vi) + B(vi, py) = (G(sn) — G(s), vi) + A(s; 1, vi) — A(sp; 1, va),

which is a discrete saddle point problem in (uj, p;) := (u, — u, p, — p). Finally, the the-
orem follows from Remark 1.3, pp.117, in [29] and the Lipschitz continuity of F(-), G()
and a(-). O
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Theorem 2.6.5 Let s be the solution of (2.3.14) and let (un, pn, Sn) be the solution of
(2.3.9)-(2.5.11). Assuming (A1)-(A10) and considering reqularity in Remark 2.2.6. Then,
exists constants K, > 0 and K* > 0, independent of h and D, such that

h? K*
D ; 2o < K. T
o Sl + el < Ko el 5T

where e, == 8§ — S},.

Proof: Subtracting equation (2.3.8) from equation (2.3.14) it is obtained

(Ln(0)8); — (Lu(un)sn)j = (=0;8); — (—0isn)

that is,
— Z vt = Z [950(; 85, 80) — gu(un; snj, sw)] = (—0ks); — (—0sn);,
that is,

(Ln(wn)en); + 7 > [95(w;55,81) = giu(wn; snjs sm) — gu(ns €5, )] = (—0hs); — (=Ohsn);-

1
54

Multiplication with e;T; and summation over all 7} yields after subtraction of ;5 :
2 _
(Ln(up)en, en)n + 5@ Z Tie; =

= e > lgiu(w; 55, 8) — gu(wn; sng, sw) — gu(wnieg e + > 6T —3t(8 — 8));-

J ! J
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Applying inequality 2.5.1, it is get: Dr >, [ep]? + 14 >, Tje; < Hy + Hy, where H, :=
> €5 2 lgi(un; snj, su) — giu(w; 85, 5)] and Hy := 3 e;T;(=04(s — 5));. About Hy,

Hy, < |Ze] (—0(s — 3)),l
= \Z/T;ejat(s

|/that<s—§>|

< [laliats—5)

< lenllr2@|0:(s = 9)||20)

= |lenlliz@|10:(s = 9)[|2(0)

< Slullnlli + 5110 = ) o)

< l8ullenll + 5 (110l By + 110.6 = Tl )

< gl + g (K|l + K SIS — 11

< Sl S lenl? o (KOs + K Y10~ T

a a

About Hi, note that H; = H14 + Hip + Hic, where,

Hiy = Z%Z[Qﬂ(uh;shwshl)_/ fu(s)up - nj]
i S

Hip = —;ej;[gﬂ(u;%,éz)—/Sﬂfw(S)u-nﬂ]

Hic = —zj:ejzl:/sﬂ fuw(s)(u—uy) - ny.
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About HlA;

Hyy = Z(ga(uh;sia,s;a)— ; fuw(s)un - ng)len]q

a

< Z[/ (1fu(sia) = fu)I1(un 1) 7| + [ fulspa) = fuls)l (- 1a)~ ]enla]

IN

Z[/S (Kpulsha = sll(wn - 0a) ™| + K, [ 5, = sl (an - 10a) " )] [enlal
< D llunllecl Sal KI5, — slllenlal
< D lunllocl Sal K1 (I5ha — 82l + 185 = s)llenlal

< S unllol SalE g (570 — 821+ 182 — 521 4+ 155 — sDlexl
< wa||uh||oo<\/2|sa|2|sza—§:|2+\/Z|sa|2|§:;—s::|2
; \/Z|Sa|2|s;:—s|2>\/z[eh]z

< K, l[unlloo(Ksllenl ) + Kall3 = In(s)llzw) + Kshllslluz@), [Ylenl2.

a

Therefore, applying Lemma 2.6.3 to ||us||c, it is get
1 , 1 , 1 ,
Hia < K5, KoKz Gallenlliz + 5 za:[eh]a) + K, Kag (03113 = I (9)| o

1 1 1
* o > _lenla) + g, Koo (040°Is| 320 + o > lenls),
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About H1B7

Hyp

About ch,

Hic

I IA

IN -+

= Yt ) - [ Sl nlel

< Z||u||OO|Sa|wa|Sa_s||[eh]a|

< Z||u||oo|5 | K, (155 — sal + [s5 — sDl[enlal
SKMMM¢ZWM$ sl + ¢ZW\B—$¢Z@
< Ky, lulfoo(K7|[5 = 1n(9)]i2(0) + Ksh||s||n2) Z[eh

< waK9K7%(95||§—Ih ()[2() + o Zeh

1
+ waK9K8§(96h2||S||§{2(Q) * % Z[eh]z)v

— E e; fuw(s)(u—uy) - njdo

oT;
- Z ey [ din(Fus) - wi))ds
_ Z €j(/:,1" fw(s)div(u — uh)dg; + /T Vfw(s) . (u — llh)d:c)

/kMﬁ@mﬁMu—wﬂ+/kmvm¢mu—ml
Q Q

1) (o el Lz i (a — wo)llz2gen

|V fu ()] Lo llenl| L2l [a — wn|| L2

1 1
5 ()@ + 11V fu($)lln@)) (Brllenl ) +

1 1
5 K10(07 K > lenls + 9—7\\11 — W[ Frainse)):

a

9—7||u— uhH%J(div;Q))
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Therefore,
Dk , 1d 9
- d [eh]a—i_ﬁ%”ehle(Q) <
1.1 2 = 2
3G 2105 e+ K 3105 — T+
K7y, 105Ky + 05 Ko K7]||3 — 1n(8)|lib iy + Kp, D2 [02K5 + 06 Ko K ||s]| 32 +
Ky
—|[u - uh||H(div;Q) + waK6K392||€hHl2(Q)
07
where 0; = (D—4)(Kl), é = (D_Z)(ﬁ% 913 = <%)(Kij4)= é = %)(Ksz(g,)a

é = (DH)(Kf K7Kg/? 96 :_( )(m) 97 (D_4)(K102K11)

About the term |jlu — uh”H(div;Q) note that

|[u — up|[ g0

[[u—w, + 10— al|g@e

[u — || g(givse) + [0 — || #@iv0)

Kioh + Kul|s — snllr2 ()

Kioh + Ku3(||s = 3l|c2) + lIsh — 3llr2@)

Kizh + Kis[(Kuhl|s||z2@) + 115 — In(s)[liz@) + llenlliz@)]-

Collecting the constants gives:

Dk 2 1d 9 Ku 5 Kis
= o <
Sl + 5 glen Ol < gt +

a

IANIAN A

IN

2 e (1) [y

After integration with respect to time it is get the statement of the proof by applying

Gronwall’s Lemma 2.5.2 and using e,(0) =0 :

K K
D/-@/Zeh +||€h||lz _( 14) R\ J| + 15/||6h||l2(9

|

Proof of the Theorem 2.4.1. Applying the triangle inequality, Theorem 2.6.1 and
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Theorem 2.6.4 it is get:

1) <
[[u = | g aiv) () + [0 = || mgi0) () + [P — Pllzz@) () + 1P — pallz2@) (1) <
Kih+ Kslls — sl 20) (1),

|[a —ap|| @) () + [P — pullz2@)

where, using triangle inequality, Lemma 2.5.1, Theorem 2.6.2 and Theorem 2.6.5,

IA

15 = sullZ2e) ()

2(|ls — In(s)l1 72 (t) + |11 (3) — snll72() (1)) <
2{ (K31 [Isl 720y + Hn(5) = Tn()I[Eg0y) + (Hn(s) = 3y + 115 = snllip@)} <
2{K3h|| sl + (Q_Un(s) = 3Ta + 115 = sallbe)} <

2{ Ksh?||s|| 72 () + [Kah? + (T K h?)exp(2K,T)]} <
Ksh? + (TK,h*)exp(2K,T)).

Since this holds for all t € J, it is have proved the L*-estimate in time. Finally, with
Theorem 2.6.2 and Theorem 2.6.5,

DH/ZI;L ) = su(t)]adt <

J acA
Dﬁ-/z — su(t dt+D/<;/ZIh (t)]2dt] <
JacA J acA

Keh? + (T K h*)exp(2K,,T)]. O

2.7 Convergence of the full discrete scheme

Lemma 2.7.1 Let w € L®(Q) N H(div; Q), with div(w) = 0 and let sy, and z, be

piecewise constant functions on I'y. Then,

(Ln(W)sny 2000 < [DYCOY []2)"? + 2K 5,/ Cs| W ol [sn 2] O [20]2) 172,

a a

where Cy is from Lemma 2.5.1.
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Proof: by definition
(Ln(W)sn, 20)n < [DYCY [sn]2)"* + Zga wis,s0)) P10 =l
Therefore, is enough to show that

Zga wist s )R = (O (fulshwyd + fulsy)wg)*)'?

a

2([Wlloo(D_(|fu(53)l1Sa])?)'

a

205, [IWlloe (D 153 71Sal*)

2Ky, [|Wloo vV Csl|shlli2()-

IA

IA

IN

O

Lemma 2.7.2 Let S the solution of (2.3.18), § the solution of (2.3.14) and (u,p,s) the
weak solution of (2.2.23)-(2.2.25) in the sense of (2.2.20)-(2.2.22). Assuming (A1)-(A10)
and considering regularity in Remark 2.2.6. Define moreover €} == S™—5(t,), 0 <n < M.
Then there exits a constant K > 0, independent of h and At, such that

. . At n 1/2 n
lept —eplle@ < ﬁf[DT(Z[eh]i)l/z + 2K 7, G5 [u(t)||oolleh )]

tnt1 828 12
tn

At
+ 805K gl lenl -

where the constant K > 0 is from Theorem 2.6.3 and the constants Cy > 0 and C5 > 0,

are from Lemma 2.5.1.

Proof: let 0 < n < M. Subtracting eq. (2.3.14) from eq. (2.3.18) it is have
At n+1
e;-”l — e} = —At(Ly(u(t,) Z G+ / [(0¢s)(tn) — 0¢S(0)]do,

with
Gﬂ = gjl( ( )asjasln) _gjl( (t )’s]? )_gﬂ( (t )a6]>6?)‘



2.7 Convergence of the full discrete scheme 49

Multiplying by Tj (€] nl ef), and summing up over j, this yields:

llen™ = ehllib) < Hy+ Hy + Hs + Hy,

where,
Hy, = At|(Lp(u )eh,eZH—eﬁﬂ
tnt1
Hy = / o (s), et = ef))dsdol
tn+1
Hy = | / (045;(0) — Bus(0), e+t — &)

H4 = At|z ntl eh)ZGM.
l

About Hy, note that applying Lemmas 2.5.1 and 2.7.1 it is get

Hy < A(DYY [en]a)? + 2K, /Csl[u(t) ol b)) O _len™ — erla)'/

a a

At
< V2o [DYQY ] + 205, v/ Gl [uta) |l ehllm@] 1eh™ — il

About Hy : Hy < Atft”“ ||8t2( )| r2ydz|lef ™t — el|]12(q). About Hs, note that applying
Theorem 2.6.3 and Lemma 2.5.1 it is get
H3 < AtH@t§ — 8ts||Loo(J;L2(Q))HeZ+1 — 62”[2(9)
< A([|03 = 0T (5)| o2y + 110In(8) = Dis|| oo rizzip)llen™ = eqlliz@
< RAHE + O 21008 | i)l e = efllz,
where the constant K > 0 is from Theorem 2.6.3. About H, note that, H, = Hys + Hyp,
where Hya := At (ga(u(t,); ST, 8m7) — ga(u(t,); 804, 557 )) [ep™ — efla, and Hyp :=

—AtY ga(u(t,); et e ) ey — e, About Hya, in first place note that,

|ga(u(tn); Sit, S7) = galu(ty); 537, 507)| =

|(Fu(Se D ug + (S )ug) — (Fu(GeM)ud + fu(S 7 ug)| =
| Fu(S2 ) = FuEOud | + [ fu(S57) = fu(38 ) |ug|

Ky, (leg ™ ug | + leq ™ [lug |)

K, | |ullcolSal(ler ™[ + ez ).

IA
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Therefore,
Hiyp < At(Z[walIulloo|5a|(|63’+|+|6Z’_|)]2)1/2(Z[6i+"—62‘]3)1/2

n n,— \/_ n
< 2K, [l (3 1S5t P + e )25 ekt

1/2\/_

—eplle@)

1+n

< 20tKy, [|ulloo (205 enl o) llen™ — exlli@)

On the other hand, about Hyg, and analogously to Hyy,

Hig < A ([l g [Sal (i + len™ D)2 len™ — epl)?
\/7 14+n

< 2AtKy, | |ullo (205 len| B ) /2~ e

— eyl
The proof is ending with dividing by ||e}*"

O

—eplle@)-

Theorem 2.7.1 Let u, 5 and S, defined as in Lemma 2.7.2. Assuming (A1)-(A10) and
considering reqularity in Remark 2.2.6. Moreover let At, with the assumptions of Lemma
2.7.2, satisfy the condition:

L (16g + 4\/5) < .
R h 7T max{K|[(DY)2 +20K? Csl[ul|Z], VO5 Ky, |[ullsc}’

(2.7.1)

where, the constant K > 0 is from Theorem 2.6.3 and C; > 0,1 = 4,5 is from Lemma
2.5.1. Then it is have for e} == S™ — 3(t,),0 < n, N < M:

2
llew Il < (1+D—)[(At)2(/0 || II) + TAth*(K* + C4l|0u|[Le (:112(0)))-

Proof: following the same ideas of Lemma 2.7.2 it is get
tnt1
e;“rl — e + At(Ly(u(ty) Z G+ / [(0rs)(tn) — 0:5(0)]do,

where

Gjl ::gjl( ( )aSj>Sln)_gjl( (t )asp )_gjl( (t )aepezl)'
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Multiplying with Tje}} and summing up over j yields with a® —b* — (a —b)* = 2(ab—b?) :
1 n n n 1 n n
5 len ™ iz = leRlliz) + At(Lh(u(tn))ehv en) = sl —eillizo

tnt1 tn+1
_ /t (8,3,(0) — Bys(o / / S () ci)dsdo — ALY 6> G
n ,7 l

but, by inequality 2.5.1, and eliminating ) gq(u(tn), e, e, )[€}]q, it is get

(HehHsz ||€Z||122(Q)+AtD%Z€Z]3 < —H€”+1 ehl b
- - .
_/tn (8,3,(0) — Bys(o / / o (@), €i))dudo — At;ez;c;ﬂ,
with,
G = gu(u(t,); ST, S — gu(a(t,); 87, 7).
Therefore,

IN

ler ™ Il — lleqllig) + 2A¢Dx Y [ep]a
llen™ — exllizq) + 2At]0,5 — at3||L°°(J;L2(Q))||6%||12(Q) +
264 [ Gl +280 36 3 Gl
J
About to the last term in the last inequality,

QALY et > Gyl =

j !
201 3 Galefla] =

2At\Z|ga )i Su ST = ga(ultn); 50, 50 ) leplal <
20 Y (1Salllulloo K, (e |+ lei™ D) eplal - <
<

20K, |lalloo ) SaP (e + led P2 lep]a)

a

1/2 n \/§ n
4Athw||u||oo05/ Heh||l2(9)7||ehul2(ﬂ)
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Therefore, applying Lemma 2.7.2 and Holder’s inequality, where K > 0 is a constant from
Theorem 2.6.3,

ller™ @ = llenlle < ller Ik — llehlbq + AtDr Y [er:

9 n+1 82 9
< @rara)[ 1T @l
tn
+ (RAL*(K? + Cl|0ss| [T (112 (2)))

+ (A)?01110:5 — Br8|[ 7o (1200
if

At

At 1
4(5-)*[4(DT)? + 80K, Cs[[ul 5] + 4V2— K, [[ulloev/C5 < 2ALDK — At(—

0, 92)
with 6; = 0, = %. Additionally, note that applying Theorem 2.6.3 and Lemma 2.5.1 it
is get

1015 — 0us| By < Col?l11Bracay + 110(005) — Ol [Byy < Cal10us| By + K2

where K > 0 is from Theorem 2.6.3. Finally, summing up over n from 0 to N —1 it is get
the statement of the theorem.
O

Theorem 2.7.2 Let (Uy, Py, S)) be the solution of (2.3.15)-(2.3.17), (W, p, S) the solu-
tion of (2.8.12)-(2.3.13)-(2.8.18) and (u,p,s) the weak solution of (2.2.23)-(2.2.25) in
the sense of (2.2.20)-(2.2.22). Assuming (A1)-(A10) and considering regularity in Re-
mark 2.2.6. Then there exits a constant K > 0, independent of h and D, such that

1U% = Wyl @ive) + 15 = P2 < K([[0* L) + Dlls(t") = Syll2@)

Proof: the proof is completely the same as the proof of Theorem 2.6.4 if (uy, pp, sp) is
replaced by (Uy, Py, Sp). O
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Lemma 2.7.3 Let S, the solution of 2.3.17 and S the solution of 2.3.18. Assuming (A1)-
(A10) and considering regularity in Remark 2.2.6. Then it is have for the error e} =
Sr—8r0<n,N<M:

. . At n n
lep™ — enlle@ < \/ﬁf[DT(Z[eh]i)l/z + 2K,V Csl[ulls|leg 2]

At 5 -
+ MKchsTnuHoo(HS"—s(tn>||zz )+ lls = 1)l
1165) = 8t llen) + 292K, /T S TR 1187 = (el
s = 1)y + 1 7als) = 5(ta)l iy + ek o)
At = Uil (Lol + 195
4—wa¢cs||u||oo||eh||lz

where ||U} || is bounded from Lemma 2.6.3.

+ o+ o+ F

Proof: Following the ideas of proof of Lemma 2.7.2, ||e;t" — eZ||122(Q) = Hy + H, where

H, = —At(Ly(u(t,))er, e;™ — er), and Hy = Aty (e; Ttn _ er) D G, with G ==
gii(u(t ),SJ",S") g (Up; S7,.57) — gqu(u(t,); €7, ef'). On the other hand, note that Hy =

Hy + Hyy, where Hyy = Aty (57" — ) Y7 (gu(uft n): ST, S = gu(U; 8P, S1), and
Hyy = —Atz ( I+n _ )Zlgﬂ( ( )7 e;,e ) About Hs; note that Hy = Hyy— Hopp +

Hy., where

H21a = Atz 1+n_ n Z(gjl( 7 ]751 / fw (n>n2]>

l

Hyp = Atz = ) 30U T 7 / fu(5)T7 1)
Hy . = AtZ(e}Jrn_ 7) / Juw(s Uy) -ny.
J

About Hs, note that
gjl( 7 ]751 / fw n 'nij =

(fw(gﬁ) — Jul($))ug + (fu(S7) = fuls))ug
Ky, |57 = sl Salllulloo + K, 15" = s/1Sal [l |,

IA
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and

Sj — s = (57 = 8(tn)) = [(s = In(s)) + (In(s) — 8(tn))]-
Therefore, applying Holder’s inequality and Lemma 2.5.1 it is get,

At .
Hota < 2V2K 1, /i |[ulloe (11" = 5(tn)li2g@) + [15 = In(s)l 20

+[1I(s) = 5(ta) llz@)ller™ — ehlli)-

About Hyyy, in a similar way of Hsq,, and applying the identity
Si— 5= (5] = 5(ta) — (s = In(s)) — (In(s) — 5(tn)) — €],
it is get
Howy < 23K, /Ty SRl 115" = 30 oy + s = (5o
+ [11n(5) = 3(ta)lliz) + lenlliz@)|lent™ — eqlliz@).

About Hs;. note that

e = MY} ) [ dintfus)a = Up)ds

TJ

= At/( 1+"—e;‘)fw( )dw(u—U")dm+At/( T — eV fu(s) - (u—Up)da
0

< Atlfu—Ubllraime (1 folloo + 1V ful$)llso)ller™ = ehlliz)

About Hys note that, applying Holder’s inequality and Lemma 2.5.1 it is get

[ Has| < 4—wa\/ Cs|[ullooler izl len™ = eqlliz)-
Finally, about H; applying Lemma 2.7.1, it is get

n n \/7 n
Hy < MDY (Y[R 4 2K g v/ Gl [l lef ey ] e

a

eZHlQ(Q)‘
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Theorem 2.7.3 Let S), the solution of 2.3.17 and S the solution of 2.3.18. Assuming
(A1)-(A10) and considering reqularity in Remark 2.2.6. Then it is have with the condition,
g < Dk
h* 7 210(DY)? + 84K7 @ (I[u(ty)l|% + [[U]]5)]

(2.7.2)

where the constants C;, 1 = 4,5 are from Lemma 2.5.1. Then it is have for the error
ey = g"—Sﬁ,OSn,NS M:

N-1
AtD 1 )
Z 5 K [emz + §||€hN||122(Q) < K*(h2 + (At)2>€K*eK(At)2’

where the constants K*, K., and K, are independent of parameters h and At.

Proof: subtracting 5.19(2.) y 4.8(2.) it is get: 3(I|e; ™ (| —lleil () +AtDE Y, [ep]r <

Hi + H,, where Hy := ||e,™" — eth(Q and Hy = —At) e} > Gy, with Gy =
gi(u(t,); SJ", SJ") g;1(Up; ST, S7}). Applying Lemma 2.7.3 to Hy, following the same ideas

of Lemma 2.7.3’s proof to H,, and considering that

[u(tn) = Upllfine <

2([[u(ts) — 6ltn) | fraie) + [18(t) = Upllirame) <

2(E00* + Ko||s(ta) — Spllfag) <

2(K1h? + 2Ks(|Is(tn) = In(9) 172 + 157 = Tn(s)[22i0))) <
2(K1h* + 2K5[|[s(t) — In(8)| 720y + 20115k = S™[[F2(0) + [1In(s) = S"[[72y)]) <
2(K\h* + 2B[Cah?||s] |20y + 2(/Ieh] o) + Ks(R* + A%))]) <

Ky(h? + AF) + K5H6h||12(9)7

197 = 3(tn)|lBoy < Ko(h? + At?), and [[In(s) — 3(tn)|[q) < K7h?, it is get (applying
Lemma 2.6.3 to ||U}||)

1 AtDg
§(|Ie}f"||?2(m —llenllz) + 5 > lenls < Kq(h® + (A1) + (Ks + Ko(At)?)[[ep] 2o
i A C AtD
t tDk
AtD%—(T) [10(DY)? + 84K7, 05(|IU( W2+ 1[0RI5)] > 5
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Finally, it is applied the Gronwall’s inequality in Lemma 2.5.3 to finish the proof.
O

Proof of Theorem 2.4.2. The proof of this result will be given in the same way as
in Theorem 2.4.1. Applying Theorems 2.6.1 and 2.7.2, it is get that for all " € J,, exits
constants Ky, Ky > 0, such that

IN

[u(t") = Upl 2 ginsy + 112(E") = Pl 720

(I[ua(t™) = Ul e + pE") = Brllr2@)?

(Ha(t™) = | raive) + 10" = Upllie) + (") = "2 + 1P = Prlliz@)? <
4K h? + Ko|s(t") — Sp|720));

IA

but,
[15(t") = Skl 720y < 3(11s(t") = In(8) ()72 + [1n(5) (E") = S"[[72) + 15" = S 1[72()-

In this last inequality, about ||s(¢") — I5(s)(t )||L2(Q applying Lemma 2.5.1, it is get
that exits a constant K3 > 0, such that ||s(t") — I;(s )(t")||%2(m < C’4h2||s||§{2(m < K3h?.
About |[1,(s)(t") — S”||L2(Q applying Lemma 2.5.1, Theorem 2.6.2 and Theorem 2.7.1,
it is get that exits constants Ky, K5 > 0, such that

120(5)(t") = S"[13 20

2(|In(s) (") = 3(")| 72 + 13" = S"[[72(0)
2(|In(s) (#") = 5(t") ey + 13(E") = S"[[ey)
2[K4h* + K5((At)? + h?)].

IN

IA

About ||§” — S}LLH%Q(Q), applying Lemma 2.5.1 and Theorem 2.7.3, it is get that exits
constants K;, Kg > 0, such that

1S = Sil 1220y = |IS™ = Spllha) < Kr((At)? + h2)els(A0”,

This completes the proof. O
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Remark 2.7.1 The error estimates in Theorem 2.4.2 are obtained under high reqularity
assumptions for the solution of the continuous model. This reqularity holds in the situation
under consideration here, since the problem is assumed reqular non degenerate. As the

lower bound for the diffusivity approaches 0, the estimates blow up. (Comment of Professor
L.S.Pop).

In Chapter 4 you can find computational experiments for the fluid low problem in heap

leaching.



Chapter 3
Transport Problem

In this chapter a solute transport model, from copper heap leaching industry, is consid-
ered. The mathematical model consists in a differentials equations’s system: two diffusion-
convection-reaction equations with Neumann boundary conditions, and one ordinary dif-
ferential equation. The numerical scheme consists in a combination of finite volume and
finite element methods. A Godunov scheme is used for the convection term and an P1-
FEM for the diffusion term. The convergence analysis is based on standard compactness

results in L2.

3.1 Introduction

Leaching is a mass transfer process between the leaching solution (fluid phase) and the
ore bed (solid phase) [25, 39]. The heap leaching process, for copper production, can be
considered as a flow of two fluids phases (liquid and gaseous) and components transport
(sulfuric acid, copper’s ions, water, air, oxigen, for example) in a porous medium (the
heap) [14, 36, 41, 47]. Therefore, the two phenomena of interest are: the fluids flow and
the physicochemical reactions. In this work it is follow the decoupled approach, where these
two phenomena can be studied separately if the extent of leaching does not influence the
flow pattern. In other words, the flow pattern in a heap depends on the initial conditions

of the heap only.

58
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The first problem, i.e., the fluids’s flow in heap leaching has been studied in [9, 10, 36,
46], for example. Specifically, Cariaga et.al., in [9], studied the application of classical
two phase flow equations (cf. [15, 30], for an study of this equations in a more general
context) to heap leaching. On the other hand, the components’s transport problem, i.e.,
the physicochemical reactions phenomena, has been studied in [8, 36, 39, 46], for example.
Specifically, [8] and [36] studied this problem in the two phase context, but without
any theoretical convergence analysis. In the present work, it is studied the convergence
of a numerical scheme for the transport model proposed in [8], which consists in the
system formed by the equations (3.2.3), (3.2.4) and (3.2.5). In the model the nonlinearity
of diffusion term is relevant and cannot be neglected. Additionally, this diffusion term
degenerates in one point: when the volumetric concentration is equal to zero. The main
difficulties related to the convergence of the approximate solution of such equations is
the degeneracy of the diffusion term, the solution then lacks regularity. By this reason,
the convergence analysis is done by means of a priori estimates in L™ and L? estimates
without any CFL conditions.

The numerical scheme consists in an combined approach, i.e, for the convective term
it is applied a finite volume scheme, upwind Godunov, and for the diffusive term it is
applied a P, finite element method. This combined approach was applied by in [2], where
their mathematical problem consists in a nonlinear, degenerate, and convection-diffusion
equation, and without reaction term. The mathematical problem considers a reactive term,
a system formed by a convection-diffusion-reaction equation and an ordinary differential
equation, non homogeneous Neumann boundary conditions, which corresponds to the
physical behavior of the irrigation and infiltration processes in heap leaching.

The chapter is organized as follows. In section 3.2, it is stated the compositional low model
for the volumetric concentration of sulfuric acid in liquid phase and for the copper’s ions
in liquid and solid phase. In section 3.3, it is stated the finite volume scheme, where a
Godunov’s scheme is used for the approximation of the convective term. Additionally,
for the diffusive term, let us consider a standard P;-FEM. In sections 3.4 and 3.5 it is
presented the main convergence results, for sulfuric acid equation and for the copper

system, respectively. It is derived L and L? estimates.
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3.2 Compositional Flow Model.

It is considered a two phase (liquid and gaseous phase)-two component (sulfuric acid
and copper) system 2p2c, in the porous medium formed by the heap. Let a REV (repre-
sentative elementary volume) (see [5, 30] for more details). The porosity ¢ of the porous
medium is defined as the ratio between the volume of the pore space within the REV and
the volume of REV, and the saturation of phase @« = w,n (where o = w is the liquid
phase and a = n is the gaseous phase), s,, is defined as the ratio between the volume of
fluid o within the REV and the volume of the pore space within the REV. It is imposed the
customary property that the fluids fill the volume: s,, + s, = 1. A mass balance must be
specified for each component. The mass balance equations for the transport of component
k (k = a for the sulfuric acid, and k = ¢ for the copper) in a-phase can be written as [3],

[30]:
0 (0c)
ot

where ¢ is the volumetric concentration defined as the ratio between the mass of com-

+ V- (vy —D(vay)Vel) + P, =0, (3.2.1)

ponent k in phase a and the volume of phase a, 0, := ¢s,, is the liquid content, v,
is the Darcy’s flow of phase «, ®, [kg/m? - s] is the irreversible rate of solute removed

(or added) from (to) the liquid solution, D is the dispersity-diffusion tensor given by

UqUg

D;; = ap|va|di + (ar — ar) + D,,0;;, where oy, and ap are the longitudinal and

transverse dispersities, respectivglly, 0ij = 1if i = j and §;; = 0 if ¢ # j, and D,, is the
molecular diffusion coefficient (in this paper D,, = 0).

On the other hand, if is assumed that there is a isotherm between the liquid phase and
the solid phase @ = ¢%(c%), defined as the ratio between the mass of component in solid
phase and mass of solid phase, then (using the assumption that sorption only occurs from

the liquid to the solid phase), the equation for the liquid phase can be modified to include

adsorption:
0 (¢spspn) | O (bacy
(9sps0%) + (facy) + V- (v, —D(va)Vey) + &, =0, (3.2.2)
ot ot
where ¢s := 1 — ¢, ps is ore bulk density. Note that the most common sorption isotherms
(cf. [32]) are Langmuir type: ¢¢(w) := 1Jli1/;;w’ or Freundlich type: % (w) := ksw?,0 < p,
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kqwP
1+kswP *

or mized type: ¢ 1=

Decoupled Approach. In the general transport equation (3.2.1) it is suppose that,
for « = w, n, the functions 6, = ¢s, and v, are known from the classical two phase flow

equations (cf. system (2.2.1)-(2.2.6) and related analysis):

¢aﬂ +V-v, =0,
8Sn
Qﬁﬁ + V- Vo 0,
k?“’w
v = —k (pr - pwg)a
k

Vp = _kﬂ(vpn - Png),

n
Pe(Sw) = Dn — Pu,
Sw+ Sp =1,

where k is the absolute permeability of the porous medium, p,, fta, ko are the pres-
sure, viscosity and the relative permeability of the a-phase, respectively, and g is the

gravitational, downward-pointing, constant vector, and p. is the capillary pressure.

Remark 3.2.1 The nonlinearities k,.,(-) and p.(-) are chosen such that the functions
Sy and u = v, + v, are the weak solution of system (2.2.23)-(2.2.25), in the sense of
(2.2.20)-(2.2.22).

Basic Chemical Reaction
In this thesis, and in this chapter it is considered oxide’s minerals only, which in general
terms, have the following chemical reaction of dissolution (cf. [25, 39, 46]),

MinOzCuy) + QH( — C’u(aq) + HyO(,

where MinOxzCu ) represent a oxides minerals of copper, present in the ore.

Remark 3.2.2 For this Basic Chemical Reaction defined is enough to consider a not

saturated flow. That is, about the fluid flow problem is enough to solve the Richard’s



3.2 Compositional Flow Model. 62

equation (make p,, equal to a constant on 2 x (0,T) in the two phase flow system (2.2.1)-
(2.2.6).

3.2.1 Sulfuric acid transport equation

From (3.2.1) with @, := 0,,uc?, the transport equation of sulfuric acid in leach solution

is given by (cf. Chapter 1, for more details)

Aoupuptl(ct)) | Obuct)
ot ot

+ V- (v —D(vy)Ve?) + Opuct =0, (3.2.3)

where p is a first-order reaction constant (consumption factor) and ¢¥ is the volumetric

concentration of sulfuric acid in leach solution.

3.2.2 Copper transport equation in liquid phase

From (3.2.2) with @, := ¢psk.c?cs, the transport equation of copper in leach solution

a —c¢c?

is given by (cf. Chapter 1, for more details)

OBupspt(c2)) | O0uct)
ot ot

+ V- (cvy —D(vy)Ved) — Oy pskecy ci = 0, (3.2.4)

where k. is a first-order kinetic constant, ¢} is the concentration of copper associated
with the solid phase (cf.(3.2.5)) and ¢ is the volumetric concentration of copper in leach

solution.

3.2.3 Copper transport equation in solid phase

The change in the concentration of copper in the solid phase follows the mass balance
[39]:
e _ 0(dspp ()

A, ewke W Co = )
gt T OwheCaCe ot

where ¢ is the concentration of copper in solid phase, i.e.,

(3.2.5)

mass of copper in solid phase

mass of solid phase
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3.2.4 Initial and boundary conditions

It is considered a 2D geometry, i.e, a transversal cut of the heap (cf. Figure 3, p.6).
The boundary of Q C R?, i.e., 90 is expressed as 902 = " UT° UT?, where I'? is the input
boundary (zone of irrigation), I'° is the output boundary (zone of drainage), and I'* is the

atmospheric boundary:

(v, —DVc¥)-n = CAIES xel" t>0
(v —DVey,)-m = 0 xel* t>0
(v —DVey,) -n (Che—Co)Ve M XE Fﬁ’ t>0 (3.2.6)
(¥vy —DVY) n = 0 xel™ t>0
Coe(X,1) = Co e xel t=0
ci(x,t) = cs0 xe t=0,

where, as usual, n is the unit normal vector to 99, outward to Q, ¢, . concentration of
sulfuric acid and copper in the irrigation solution, ¢ := A3GZ, with AJ is the leachable

fraction of the total copper contained in the heap and G is the grade of the ore.

3.2.5 Model problem for convergence analysis

By simplicity in the notation it is considered a change. In effect, ¢ will be denoted
as up, CY as U, Cp as Uz, Vo aS V, @2 as 1, and ¢ as s. Therefore, the compositional

flow model, in simplified notation, consists in to find functions (uq, us, u3) such that

(0sp1(u1)) 4 A(0uy)

T T + V(v —D(v)Vuy) = —0O,pu
8(93821(112)) n 3(95,:2) V(Y — DV)Vus) = Bupbiess
Jug _ N ¢sip2(u2))
p FOwkents = g

where 0, = ¢,ps. However, note that if, for ¢ = 1,2, it is introduced the auxiliary function

Ui(x,t) := s (ui(x, 1)) := 00 (ui (2, 1)) + O (2, t)u;(z, 1),
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such that a;(U;) == ;' (U;) = u; is well defined, then the Model Problem A (in the

unknown U;) for convergence analysis is defined as
0tU1 + V- (Oél(Ul)V — D(V)Val(Ul)) = —Qw,ual(Ul), (327)

and the Model Problem B (in the unknowns U; and us3) as

0tU2 + V- (Oég(UQ)V — D(V)VQQ(UQ)) = prsk‘eal(Ul)u?, (328)
s fukean(yy = X020 g

Note that the Model Problem A and Model Problem B are decoupled. By another hand,

in the Model Problem B, both equations are coupled in the reactive term.

Remark 3.2.3 About the diffusive term Vo (U;) = «,VU;,i = 1,2, in the equations
(3.2.7) and (3.2.8), note that, for example, for a Freundlich isotherm @;(u;) :== cul’ ;¢ > 0,
with 0 < p < 1, it is have that if u; — 0, then gO; — 00, i.c.,
/ 1 1
o, = — = R — 0’

' @D; 9890;(%') + (Gwus)'
i.e., the transport equations (3.2.7) and (3.2.8) are degenerate (cf. [2, 32, 45]). This

mathematical property is in according with the physical behavior of u; and us in heap

leaching operations.

3.2.6 Weak formulation
Model Problem A
A weak solution U; of the model problem A is a function U; :|0, T[— W, with 9,U; €

L*(0,T; HY(Q)) and oy € L*(0,T; H'(Q)), such that, for all ¢ € V

/ 06 + (on(U)v — D¥)Var(Uh)) - Vo — pbuon (U)6)

T

T T
+ /Ulo¢0_/ <¢,U1iv-n>p-—/ < ¢, (U —U})v-n >po= 0,
Q 0

0
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where V := {v € CY0,T;C*Q));v(+T) = 0}, W = {w € L*(Q); a;(w) € HY(Q),i =
1,2} and H~1(Q) is the dual space of H!(Q).

Existence and Uniqueness for Model Problem A. A mathematical analysis of
Model Problem A can be found, v.g. in [1] and [15]. For an existence and uniqueness
analysis for Model Problem A, in the context of entropy solutions, to see the classical

paper [13].

Model Problem B

A weak solution (Us,us) of the model problem B is a function U, :]0, T[— W, with
0Uy € L2(0,T; H1(Q)) and oy € L?(0,T; H*(2)), such that, for all p € V

/Q (Us0ip + (a2(Uz)v = D(v)Vay(Us)) - Vo + kepsOyar(Ur)uszg)

T T
T /U§¢°—/ <¢,U§v-n>p~—/ B N —
Q 0 0

and a function wg :]0, T[— W, with dyus € L*(0,T; H~Y(Q)), such that, for all ) € V

dus _ I ¢sp2(aa(U3)))
or Ew -+ /T ewkeal(U1>u3¢ - Or at

. (3.2.10)

Existence and Uniqueness for Model Problem B. For existence analysis of
Model Problem B to see [32], and for uniqueness analysis of Model Problem B to see
[33]. By another hand, a similar model to Model Problem B was studied in [45] with an

operator splitting scheme.

3.3 Finite volume discretization

Now it is presented the definition of admissible mesh, which is taken from [28] (cf.

Definition 9.1, p.762 in [28]). In this chapter an admissible mesh is considered.

Definition 3.3.1 (Admissible Mesh). Let Q be an open bounded polygonal subset of R, d =
2,3. An admissible finite volume mesh of 2, denoted by T, is given by a family of ”control
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volumes”, which are open polygonal convex subset of Q, a family of subsets of Q contained
in hyperplanes of R, denoted by £ (these are the edges (d = 2) or sides (d = 3) of the
control volumes), with strictly positive (d—1)-dimensional measure, and a family of points

of Q denoted by P satisfying the following properties:
1. The closure of the union of all the control volumes is €.

2. For any M € T, there exists a subset Ey of € such that OM = M\M = U,cs,, 0.

Furthermore, & = UprerEnr.

8. For any (M, L) € T? with M # L, either the (d — 1)-dimensional Lebesque measure
of MNL is0 or MNL =75 for some o € &, which then be denoted by M|L or .

4. The family P = (xar)arer is such that xy; € M (for all M € T ) and, if o = M|L =
l, it is assumed that x); # x1, and that the straight line Dy 1, going through xy and

xy, 1s orthogonal to M|L = 1.

5. For any o € £ such that o C 092, let M be the control volume such that o € &);.
If xpp ¢ 0, let Dy, be the straight line going through xy and orthogonal to o, then
the condition Dy, N o # 0 is assumed; let y, = Dy o No.

Remark 3.3.1 In this chapter, it is considered as admissible mesh (cf. Definition 3.3.1):
7T, a Donald Dual mesh (cf. [34], p.158, Figure 3.2.2), generated by an finite element
triangulation (cf. [23], p.38): A := {T;,i = 1,...,N.}. Note that xr, the barycenter of
T € A, is such that 7 = Nunr2e0M € T, vy = Nrauze0T € M, a node in the
triangulation, | := OM;NOM;NT the line segment between the points xr and the midpoint
of (war,, xag;) and let £, :={l € OM\I', M € T}.

Remark 3.3.2 The time discretization may be performed with a variable time step; in
order to simplify the notations, it is considered a constant time step At € (0,7T). Let
Nay € N* such that Na, := max{n € N,nk < T}, and it is denoted t, = nAt, for
n€{0,...., Nagi1}
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In the sequel, the following notations is used. The mesh size is defines by:
h:=size(T )=sup{diam(M),M € T}. For any M € T, m(M) = |M| is the d-dimensional
Lebesgue measure of M (it is the area of M if d = 2). The set of neighbours of M is
denoted by N (M), i.e., N(M)={L € T;30 € Ey,0=MNL}.

It is denoted by {w};, M € T,n € {0, ..., Na; + 1}} the discrete unknowns; the value

wi; is an expected approximation of w(xy, nAt), where w = Uy, w = Us, or w = us.

Definition 3.3.2 Let X (7, At) be the set of functions w from Q x (0, (Na; + 1)At) to
R such that there exists a family of real values {wh,, M € T,n € {0,..., Na; + 1}}, with
w(x,t) =wy, for a.e. v € M, M € T and for a.e. t € [nAt, (n+ 1)At),n € {0, ..., Nas}.

3.3.1 Discretization of equation (3.2.7)

Integrating (3.2.7) over the set M X [t,,t,1] with M € T, it is obtained
/ (Ui(tngn) = Ui t0) + T = Ty =T, (3.3.1)
M

tn tn
where T, := ZleaM fn“ fl a1 (Uh)v -npy, Ty = ZleaM an fl D(v)Va;(Uy) - npy and
T = —p [, fttl"“ O,1(U1), are the convective, diffusive and reactive term, respectively,
and nyy; is the outward normal to [ € 9M. The advection term T, is approximated by an

upwind Godunov scheme (cf. [34])

Toa Y At loaa (U = = A (U4 — aa (UPE) (= - mann)
l l
(3.3.2)

where

nt1y . al(Uln,Jz\rJl) of  vi-mpy; >0
a1 (Ul'yy,) af vi-mp <O0.

On the other hand, the diffusive term Ty, is approximated by an P1-FEM scheme. In effect,

let us considers the standard P1 finite element basis functions satisfying xas, (M;) = &;;.

Therefore,
Tym ) Dana(ea(Uplg) — en(UF3)), (3.3.3)
l
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where Dy := —|T|Vxu,r-D(VE)VXxur, and T is such that MNT # @ andl € OMNT.

Finally, about the reactive term T,

(2}
[ twantv) = 1atianigl e 015, (33.4)
M Jty

where 93&’}, is the mean value of 6, over M X [t,,, t41].
Therefore, using (3.3.2), (3.3.3) and (3.3.4) in (3.2.7), the finite volume scheme for (3.2.7)

is defined as

MU —Up) + The — Tra = T, (3.3.5)
where
T = =AY (U = an (UF)) (—vi' - )T,
l
Tia = ALY (aa (U = aa(UF) Dy,
l
and

Ty, = —pl At M6 Fien (UL3]).

About the notation note that j = M = M;, | = M,.

3.3.2 Discretization of system (3.2.8)-(3.2.9)

In a similar way to (3.3.5) it is defined a finite volume scheme for system (3.2.8)-(3.2.9)

as follow
|M|(U3;™ = Us;) + Tye — Toa = Ty, (3.3.6)
n+1 n n+1 n

Us; ™ — Uug; " oy on o (p2oa2)(Usi™) = (92 0 a2)(U3))

A + ket ;01 (UL Juz; = ¢ A , (3.3.7)
where

The i= —| ALY || (aa(Ug ™) — an(UgH)) (=i - mp)
I
Toa = | AL Y (a(Ug™) — aa(U3™) Dy,
1

and

Tor = keps | AL M 67,00 (UF} ;.
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3.4 Convergence Analysis for Model Problem A

In this section the equation (3.2.7) and its corresponding numerical scheme (3.3.5) are

considered. The convergence analysis follows the main ideas of [2], [27] and [28].

Let us state the following assumptions:
(A1) Q is a bounded open polygonal subset of R2.
(A2) O,(x,t) € L>=(Q2 x (0,7T)) is such that 0 < 0, < 6, (x,t) <6} < 1.
(A3) D is a bounded, uniformly positive definite symmetric tensor on Q x (0, 7).
(A4) Uj(xz,t =0),us(xz,t =0) € L*(Q x (0,7)),i=1,2.

(A5) o € C'[0, 00[, such that a;(0) =0y a;(s) >0, Vs > 0,i=1,2.
o, a5 € L®(Q x (0,T)),i=1,2.

(AG) vy € (L2(Q x (0,T))2, V - vy = 0, v — vy, in LE(Q x (0,T)).

(A7) ¢;, 0, i = 1,2 are Lipschitz continuous with constant K, La,, ¢ = 1,2, respec-

tively.

By assuming (A5), the class of problems under investigation can be assimilated to the

slow diffusion case, in particular to the porous medium equation.

3.4.1 L™ Stability

Proposition 3.4.1 Under the assumptions (A1)-(A7) the scheme (3.3.5) is L™ stable
without any CFL condition.

Proof. In first place note that there exists £ = ¢ (U11;r ") such that

o (U™) = aa (US™) = on (U™ = US™).
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Therefore, the scheme (3.3.5) can be written as

U U g S ) e~ U
- %;Dm;@wfﬁ“ U™ 4 ul AL on (USF™) = 0,
that is,
ULl + ‘M‘Z E(U(=vi-ny)* + Dj)}
3] @I m)* + DU

AR e (U = U
This last scheme can be written as system of equations,
AUTMUT™ +b(U™) = Ug,n 2 0,

where, for all i # j € {0, ..., N} :

At
Aii = ‘ ‘Z |l‘ nzl) +Dil)7
leaM
At ;
4, = —M S U@V ma)* + Da).

|M] 1€OM;NOM;
by = p|At0 " a (U™,

and

1+n . 1+n 1+n 1+n 1+n1T
U™ =[U;", Uy, s Uy ,...,UlNS] .

Therefore, the auxiliary non linear problem is given by: given the applications b(:) and
A(-), and the vector c, to find x such that,

F(x) := A(x)x + b(x) =
Let the sequence of vectors {x*}, k& > 0, and x° := ¢ = U”, defined as

AP 4 b(xF) =,k >0
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Existence: in first place note that the matrix A is a monotone matrix, i.e., it is have
Al >0, furthermore (Aj; — > iz |Ail) > 1, then [J[A™ oo < 1, where || - ||« is the I
matrix norm, hence there exists a generic constant C' > 0, independent of h, |At| and k,

such that,

Xl = [[A7N(x")e — AT (")b(x")]]
< AT oo (llel oo + [D(x)]]o0)
< 07 lso + 1l AH[105, ool leut] |
< C,

because an induction argument on n > 0. Therefore, the sequence {x™,m > 0}, is
bounded, then it is extracted a subsequence, still denoted as {x” m > 0}, such that
X = lim,, o X™, then from the continuity of the application F : x — A(x)x + b(x), the

limit X is a solution of F(x) = c. Therefore, U]™" := %.

Uniqueness: let U™ and V1™ be two solutions of the implicit scheme (3.4.1), i.e.,
for i =0, ..., Ny,

n oAt ) )
U = U ‘|M|‘ Z 1=V} ng) (@ (U}) = aa (U))
|At| 1+ 14+n 1+n 1in
B \M\ ZDJI Uu - al(Ulj ) + M\At\ewj al(Ulj ) =0,
V1+n - Vi |At| Z ‘l| -n (a (Vl—l-n) —« (Vl—l—n))
1j 1] |M| jl 1\Vq 1\ Vy;
— M ZD (a (Vl—i-n) —a (Vl—i-n)) + |At|91+n (Vl—i-n) -0
M| 4 JAEI 1 1V 1 i ,

By subtracting, and applying similar arguments to existence case, it is obtained for
W1+n . U1+n Vllq—i-n’ q= j, 17

Wil + |M|Z (EN U= n) " + Dy + pl A5}
At
- “M“ Zall gl |l| n]l) +Djl)Wlll+n:0>



3.4 Convergence Analysis for Model Problem A 72

where, ay,(&,) == ay, (U™, V"), q = j, 1. This last scheme can be written as system of
equations,
A(Ui+n> Vi-i-n)wi—i-n =0,

where following a similar argument to existence case, it is have that the matrix A is non
singular. Therefore, W™ = U™ — V™" =0

O

Proposition 3.4.2 Under the assumptions (A1)-(A7), it is have for the scheme (3.8.5)
that there exits constants C; > 0,1 = 1,2, independent of h and At, such that

AtZIZI ar(U) — aa(U)PIv -my| < G

AT,Z(OQ(U{LI—H)—CY1(U17?_1))2D]‘I < (.
n,l

Proof. Multiplying (3.3.5) by Ufj“ and using ) _; it is get

S U - V) = - U T+ YU T YU
J J

J J

a _b2 _ (a—b)
=ala —b) — 5

0< @ =ala—b) — 4 _b , that is, for each real numbers a,b,

a? —b?

a(a —b) > 5

Therefore,
1
PNUCEUSERERS SRS WL A S 8
J J

that is,

7 ntlp 1 n n 1
Z U1j+1T10 - Z Ulj—HTld < —5 Z |M| [(Ulj—H)2 _ (U1j>2] + Z U1j+1T1r-
7 J

J J
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In this last inequality note that,

about the convective term in the left hand side,

YU T = Y USRTHAIAL Y (e (U — aa (U ) (=vi - m)
l

J J

|At| § 1+ 1+ 2
: I yitn [i+n ’
29 ( 1) — | |( n]l) (Ckl( 1j ) al( 1 ))

about the diffusive term in the left hand side,

N Ut = ZU““{|A1&|Z a (U — aq (URST)) Dy}
J J
At

Z D]l al U1+n _a (U1+n))2,
2sup(ay)

about the reactive term in the right hand 81de,
ZU1+1T1r ZUl T pl A [ M0, (U1}

< ulAtI|Iﬁw\\ooHailloollUi*"Hoo\Q\-

Then by summing over n = 0, ..., Na;, it is have that there exits a constant C' > 0,
independent of A and At, such that

|At| o s
WZM( ‘) (a (Uy™) = aa(Uy™)° +

A 1+ny)2
Dja(ea(Uy™) — an(Uy™))° <
2sup(a)) l; 4 1

1 , .
§Z\M\((U&)2—(Uﬁ““f)+/~LT||9wHooHa1||oo||Ui+ ool < C.
J

3.4.2 Convergence results

Lemma 3.4.1 Let the scheme (3.3.5). There exits a constant C' > 0, independent of h
and At, such that

S AHM | (U3 = as (UF))2 + S Atll](as (U]) — an (UF))* < Ch + |AL]). (3.4.1)
j n,l
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Proof. Multiplying (3.3.5) by an (U{;*!) — an (U7Y), using >_;» and reordering, it is get

> M (U = aa (U (U™ = U3) = Chan — C + Dy — Dy — Riym,  (34.2)

J
where for s € {n,n + 1},

=180 Y (e (U = en (U an (U3 (=vi* - my)

M; ledM,
=AY (e (UF) = aa(U))aa (Us;) D,
MJ‘ lEan
and
Ry = plAt] Z |M;10,5"an (U™).

About of the terms Cy and Dy, with s € {n,n + 1}, and following to [2], note that there
exits constants C; > 0 and Cy > 0, independent of h and At, such that, > |Cs| < Cy
and ) |D,| < Cs.

About the reactive term, note that there exits a constant C3 > 0, independent of A and
At, such that,

Y [Ruval < pllbulloollanllos D 186D M) < pill6u]locl ][ T1 < C.
n J

n

About the left hand side in (3.4.2) note that for each real numbers a and b:

(@(5) — n())? =
W= (0, 5) — (@) - a) =
(

ay()(a1(b) = ai(a))(b—a) <
sup |y (a1 () — a:1(a)) (b — a).

Therefore, there exists a constant Cy > 0, such that

Z |Mj|(al(Uﬁ+l) — al(Ulnj))2 < Cy,

n7j
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that is,
D IAM[(aa (U — aa (UF))* < CulA].

n7j

Finally, by Proposition 3.4.2, it is know that, there exits a constant Cs > 0, such that

ALY (aa (U — aa (U D < A Y (aa(Uf) = e (UT5H))* Dy < G,
n,l n,l
that is,
[AHD_ Y (ol (e (U = an(UT5H)? < ALY - Alaa (Uf™) = an(UH)* Do < hCs.
n,l n,l

Therefore, there exits a constant C7 > 0 such that

ALY 1M (a (U = an(UT))? + 1A Y [Ul(aa (UF) = aa(UFT))? <
n,J n,l
hC5
At <
C4| |+ (D_)CG <
(|At| 4+ h)Cy.

O

Lemma 3.4.2 Under Assumptions (A1) to (A7), let T be an admissible mesh in the
sense of Definition 3.53.1 and At € (0,T'). Let Uy zr.ar € X(T,At) be given by Definition
8.8.2. Let By := ||Ur1,a¢||L=(@x(0,1)) and Lq, be the Lipschitz constant of cy on [—By, By].
One defines Uy by Uy = Ur.a¢ ace. on Qx (0,T), and Uy = 0 a.e. on R*1\ Q x (0,7T).
Then, there exits a constant C' > 0, independent of T, h and At, such that

[l (U1(, - + 7)) = ar (Ui, D agesr) < Clrl, VT € R,

Proof. This proof follows the main ideas of Lemma 18.7 in [28]. Let 7 € (0,T"). Since L,

is the Lipschitz constant of a;; and «; is non decreasing, the following inequality holds:

T—1
/ (Oél(Ul,T,At(.fC,t -+ T)) — Oél(ULT,At(SL’, t)))2dl'dt S Lal / A(t)dt,
Qx(0,7—7) 0
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where, for almost every ¢t € (0,7 — 7),
A(t) = /(Oél(Ul,']',At(lL',t + ’7‘)) - Oél(Ul,']',At(ZL', t)))(ULT’At(ZL', t+ 7') - Ul,T,At(l’, t))d!L"
Q

Note that the function A(t) may be written as (for more details cf. proof of Lemma 18.7
in [28)):

At = Y (@ (UI) = s (U xaltst + mym(M)(URy — Ui )), (34.3)
MeT n=1

where ng(t), ni(t) € {0, ..., Nas} such that ng(t)At <t < (no(t)+1)At and ny () At <t <
(ni(t)+1)At, and x,(t,t+7) = 1if nAt € (¢, t+7] and x,(t,t+7) = 0 if nAt & (¢, t+7].
In (3.4.3), the order of summation between n and M is changed and the scheme (3.3.5)

is used. Hence,

Na¢

Alt) = ALY xalt t+ 7)) (0 (U) = an(UFONC D il en (UF)
n=1 MeT lEN (M)
— a(UR))(=viT ) )+ > (an(Ufy) = aa(Uga) D — pl MO0 (U7;)]
leN (M)
= Ai(t) + Ao(t) + As(t),
where
Nat
Ar(t) = ALY xaltt+7) Y (e (U77) = as (U (en (UF) — aa (Ua)) (—vp ™" - mp)*
n=1 M,l
Nat
As(t) = ALY xultt+ 7)Y (@ (UHY) — ar (U )) an(UF,) — aa (Uhy)) D;
n=1 M,l
Nat
As(t) = ALY xultt+ 7)Y (e (UY) — ar (U )) (~ulM 02 01 (UT)).
n=1 M
About the A3(t) term note that
T—1 Na¢ T—1
/ Ag(t)dt < > A 2By Lo, [M][00]sol[1]]o0) / Xn(t,t +7)dt
0 n=1 MeT 0

< THT|Q|QBlLa1||0w||oo||a1||00‘
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About the A,(t) term note that gathering by edges, and using the inequality 2ab <
a’? + b%*a,b € R, this yields

T—T1 Nat T—1
/ Ayt < DALY (e (UEY) — an (U ) (e (UT) — 01 (UTag)) D / Xn(t, £+ 7)dt
0 _ 1 0

Na¢

T—1
+ ZNZ@(U{%“’)—m(U{L;}”»(al(Uﬂ)—m(U?M»Dﬂ /0 Xt + )t

IN

T—1
—ZAt OB )~ a0 [ttt
0
) () =
+ —ZAt UR )~ anUEPDp [ st + e
0

T—1
+ Z At(a (U}) — al(UfM))zDﬂ/o Xn(t,t +7)dt

n,l

1 1
S §CT+§CT+C’T,

where the constant C' > 0, which is independent of 7, k, and h, is from Proposition 3.4.2.
Finally, and applying similar arguments, about the A;(¢) term note that gathering by
edges and using the inequality 2ab < a? + b%;a,b € R, this yields

T—r NAt
/ Al(t)dt < Zm ST e (UY) = ar ()2 (v )t
0 n=1  eN(M)
Na¢
+ YAt > (il D) — ax (U D)2t ng)
n=1  leN(M)
Nay T—1
T ZAt Z (a1 (U17) — aa(Utar)) \V?_l‘njl”/o Xn(t, T+ 7)dt
n=1 leN (M)

1
< 5((71 + Cy + Cg)T,

where C; > 0,7 = 1,2, 3, are constants, independent of 7, At and h.

O

It is used the Kolmogorov (in the version of [28], Theorem 14.1, p.833) compactness
theorem in L?(Q) which it is now recall. The essential part of the proof of this theorem

can be found in [6].
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Theorem 3.4.3 (Fréchet-Kolmogorov) Let w be an open bounded set of RN, N > 1,
1<qg< o0 and A C LU w). Then, A is relatively compact in LY(w) if and only if there
exits {p(u),u € A} C LI(RY) such that

1. p(u) =u a.e. on w, for allu € A.

2. {p(u),u € A} is bounded in LI(R").

8. ||lp(w)(- +¢) — p(u)|| La@ny — 0, as ¢ — 0, uniformly with respect to u € A.
Now it is proved the main result of this section.

Theorem 3.4.4 Under the assumptions (A1)-(A7) the approrimate solution Uy, given
by the scheme (3.5.5), without any CFL condition, converges to Uy in L*(Qr) as h and
At go to zero.

Proof. In order to show the convergence of Uy, := Uyp(z,t) := Uy, in M X [t,, thi1]
toward the weak solution defined in section 3.2.6, it is passed to the limit in the scheme
(3.3.5).

Let us set &y, := a1(Uy,) on Qr and ayy, == 0 on R3\Q7. From Propositions 3.4.1 and
3.4.2, and Lemma 3.4.1, (ay,) C L*(R?) N L*(R3). Then, applying the Theorem 3.4.3,
(with N=d+1,d =2, ¢ =2, and w = Q x (0,7)) note that the first and second items
of Theorem 3.4.3 are clearly satisfied. About the third hypothesis, note that for n € R?
and 7 € R,

H&lh<' +1,+ T) - 551h(', ')HL2(R2+1) <
@ (- +n,-) = @l llz@ery 4 [lawn(, - +7) — @l )l 2@ee).
About the term ||d1n(- + 1,-) — @un(:,-)||2@2+1), in this last inequality, note that by

Lemma 18.3 in [28], p.851, there exits a bound C(|n|) > 0, such that ||aGys(- +7n,-) —
an (-, )| 2@e+1y < C(|n]), and C(|n|) — 0 if [n| — 0.

(About the applicability of Lemma 18.3 from [28], p.851, in this proof, note that its
hypothesis are satisfied, i.e., the mesh 7 is admissible and &; € X (7, At). Additionally,
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the proof of Lemma 18.3 is based on arguments strictly geometrics (cf. proof of Lemma

9.3 in [28], p.770), i.e., is not depend on the numerical scheme utilized.)

By another hand, about the term ||Gy (-, - +7) — &14(+, -) || L2(g2+1) note that by Lemma
3.4.2, there exits a constant C' > 0, independent of n and 7, such that ||an(-,- + 7) —
ain(e, )| z2gerry < CT.

This yields the compactness of the sequence (&y,) in L?(Qr). Therefore, there exits a
subsequence, still denoted by (ayy,), and there exits af € L*(Qr) such that (dy;) converges
to af in L*(Qr). Indeed, since (&) € L®(Q7), this convergence holds in LI(Qr) for all
1 < ¢ < oo. Furthermore, since a; is nondecreasing, Theorem 18.2 in [28] gives that
o = a1 (U}), that is Uf = a; ' (a}). Therefore, (ayy) converges to oy (U;) in L'(Qr) (and
even in LP(Qr) for all p € [0, 00).)

It remains to be shown that U is a weak solution (see definition in Section 3.2.6). For
this, let v € V' be a test function and denote v} = v(wy;,t,). Multiply by 7 in the scheme
(3.3.5), it is obtain by summation

Un+l ) R
Z |M||At|v |At| ZU TlC ZU;’LTld + ZU?Tlra
n,j n,j n,j
that i 1S, H1 + H2 Hg + H4, where
n _ n+1
. o n+1 J
H = —Z|M|v U1J+Z|At||M|U |At| :
H, = Z|At|v > al(Ul)l vl
leoM
Hy = Z|At|v > (al(Uf™) = en(US™)) Dy,
leoM
H, = —Zv | A | M1 o (UTS)).

Taking into account the assumptions on the data and using the Lebesgue theorem, it
follows that as h and At go to 0 (and following the main ideas of theorem 4.2’s proof in
[2]). In first place, note that about H; is enough to mention that

H1 — —/ Uf’U(ZL’,O) —/ U{kat’U.
Q T
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About Hs note that, Hy = Hy, + Ho,, where

=380 Y (@) — n (U )V malll (0] — o).

n,j leoM

Hy, ::—Z\At\a Ufj“ Z/ v - njdo.

leoM
About H,, note that there exits a constant C' > 0, independent of A and At, such that,

|Hy,| < Ch'Y?, that is, limj,_q |Hae| = 0. By another hand, about Hy, note that,
Hyy = Z | At| / (U div(v Z | At| / (U - Vo' d,

Therefore, Hy — — [, au(Uf)v - V.
About Hj note that,

H, = —ZAta U D (o =)Dy

1€OM\T

= —ZAtal Upty Y > (DrVermyll)

TNM#DPledOMNT\I'

_ _Zml U5y Y (D -yl

and

l€OM\T
- ZAtal U D (Divey -yl ZAtal (U) > (Divoy - myll)).
ledMMT leoM
Therefore,
H3—>//a1 Uy)D(v)Vu - ndsdt—// a1 (U7)div(D(v)Vv)dtdz,
Qr
that is, H3 — — [, D(v)Va(U7) - Vo.

About H, is enough to mentlon that Hy — —pu fQT 0,1 (UT)v. Finally, passing to the
limit in (3.4.2) yields

- / U2o(z,0)— / U0y / o (UV-To = — [ DOy (U5 Vop | Buas (U)o,
Q Qr Qr Qr Qr

Then, U; is a weak solution of problem (3.2.7) which only admits a unique solution Uj.

Thus the entire sequence (U7},) converges to Uy, which ends the proof. O
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3.5 Convergence Analysis for Model Problem B

In this section the system (3.2.8)-(3.2.9) and its numerical scheme (3.3.6)-(3.3.7) are

considered.

3.5.1 L™ Stability

Proposition 3.5.1 Under the assumptions (A1)-(A7) the scheme (3.3.7) is L* stable
without any CFL condition.

Proof. From (3.3.7), and by an induction argument, is enough to mention that
| < fug;l(1 = kel At]0] 040 (UF))) + &sl(02 © a2) (Uz;) = (102 0 a2) (U3))]
< (keT¢s|[uw][oollon ool |2 © caf|oo) gl
where [ug;| < C. O
Proposition 3.5.2 Under the assumptions (A1)-(A7) the scheme (3.3.6) is L™ stable
without any CFL condition.
Proof. In this case, the scheme (3.3.6) can be written as system of equations, namely
A(UZTUR* = U5 + b(UY, vi),

with b; := keps|At|07,00 (UD)ul;, the matrix A is the same of Proposition 3.4.1, and the
vectors U} and B(U?,V{{) are given. In this case the approximating sequence is defined

as
A(xM)x!™ = ¢,k > 0.

The proof follows the same lines that Proposition 3.4.1. O

Proposition 3.5.3 Under the assumptions (A1)-(A7), it is have for the scheme (5.5.6)
that there exists constants C; > 0,1 = 1,2, independent of h and At, such that

ALY (s (U™) = an(Ug )2 Vi -ny < Gy
n.l

ALY (aa(Ug™) = an(Us™)’ Dy < o
n,l
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Proof. In a similar way to Proposition 3.4.2 it is get
5 Z MUY = U5 < = 3 Ui Tiet 2 UR Tia ) U T,
J J

or equivalently,

S T~ S0 i <~ S - O+ S0
J J
About the reactive term, there exits a constant C' > 0, independent of h and At such
that,

UM, = ) U (keps| A M0 00 (UT ;)

TL,j 'I’l,j

< keps| U ooll6 ool loolIVETIoo Y 1|0
< C.

In this point the proof follow the same line of Proposition 3.4.2. O

3.5.2 Convergence results

Lemma 3.5.1 The following estimate is valid for scheme (3.3.6). There exists a constant
C > 0, independent of h and At, such that

Z At M [(az(Ug5™) = aa(Us))* + > Atll|(az(Us) — aa(Ug))* < C(h+ |At]). (3.5.1)

Proof. The proof follow the same lines of Lemma 3.4.1. Only is enough to mention about

the reactive term that, there exits a constant C; > 0, independent of h and At such that,
D IMl(as(Ugf™) = aa(Us))Thr = Y |M;l(aa(Us™) = aa(Us;)) (keps| A0 ;00 (UT; uly)

< kepsl[UF oo 8l [ocll ool lazlloc 1VE oo Y [AH] M

n?j

IA

C.
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Proposition 3.5.4 Under the assumptions (A1)-(A7), it is have for the scheme (5.5.7)
that exits a constant C > 0, independent of h and At, such that

> AL M| (uf" — uf;)? < C(|At + ). (3.5.2)
n,j

Proof. From scheme (3.3.7)

> A M| (ugt™ — ug;)? < Ty + T,

n,j
where
Ty = o> IAL[M]|(p20 2)(Us;H) — (p2 0 ) (Us)|ug™ — |
n7j
< 6a > AL M][e| (20 2)(US™) = (g2 0 a )(U"-)|2+i\U”-“—U”>|2]
> Qs 2 2){Usg; P2 2)\V2j Qe B 35
n,j
mn n 1 n n
< G ) AL M][eK o (UST) — aa(Ug)[” + 4—€|u3j+1 — ug;|],
n7j

(is enough to choose € := ¢,/2), and

Ty = ke »  |ALP[M|05 00 (UT)uly[u — | < ke| At|Co.O0

n,j
Proposition 3.5.5 Under the assumptions (A1)-(A7), it is have for the scheme (3.5.7),
that there exists a constant C' > 0, independent of h and At, such that

5 S Iy — w)? < (1AM 4 ). (3.5.3)
Proof. From equation (3.2.9)
uz;(t) = —thelu;(t)ar(U;(t))us;(t) + @s(p2 0 a2) (Uz))(£) + u35(0) — ds(i02 0 a02)(Uz;)(0).

Hence,
> A ug () — usi(t)]* = Ty + T,
n,l
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where
T\ = ¢, Z |AL[[T|((02 0 a2)(Usz) — (2 0 ) (Uar) ) (usj — usy),
n,l
and
Ty = —ke Yt/ A][1](Oujors (U )us; — Ouics (Unr)uar) (us; — uar).
n,l
About Tl,
1
Ty < 60> |AL|le](p2 0 a2)(Un;) — (92 0 az)(Ua)]* + 4—|u3j — ug?]
€1

n,l
1
< 60 YAl e Ky, |aa(Us)) — an(Ua)]” + 4—€1|U3j — ug|?].
n,l

About T, note that if it is applied the equality:
ab — cd = (ab — cd) + (be — be) = (ab — be) + (be — ed) = b(a — ¢) + ¢(b — d),
for each real numbers a, b, ¢, d, then

(Owjor (Urj)us; — O (Unp)usy) (usj — ug) =
ug;a1 (U)(0wj — Ouwi) + u3i0ui(a1(Us) — a1 (Unr)) + Ouwioa (Unr) (ug; — ug).

Therefore, if it is supposed that for each j,l: 0,,; = 0., then for T5 it is get

Ty = —ke Y A1 {us;0 (a1 (Ur;) — ar (Un)) + o (Un) (g — usr) }us; — )
n,l

= —ke > tIAU[lus;00 (0 (Ur) — a1 (Un)) (usy — )
n,l

— ke > A0 (Un) (us; — uz)®.
n,l

If, in this last equality, the second term in the right hand side is exchanged to lest hand

side, it is get
D A (usy —uz)® <AL + ketbuon (Un)) (us; — us)?
n,l n,l

1
< 9 Z |AL|[1][er Ky aa(Uny) — ao(Ua)|* + —|us; — uz|?]
n,l

461

1
+ > A [e2lusg] 6] |0 (Us;) — oa (Un) > + 4—62\U3j — ug|?].

n,l
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Therefore is enough to choose ¢ = €, = 1.
O

Lemma 3.5.2 Under Assumptions (A1) to (A7), let T be an admissible mesh in the
sense of Definition 3.8.1 and At € (0,T). Let usr ar € X(7T,At) be given by Definition
3.5.2. One defines tz by 3 = uz 7.ar a.e. on Q2x(0,T), and 3 = 0 a.e. on R*1N\Qx(0,T).
Then, there exits a constant C' > 0, independent of T, h and At, such that

||1~L3(', dus T) - 123(', ')||%2(R2+1) < C‘T|,VT € R.

Proof. .
/ (as(z,t +7) —’&g(l’,t))zdt:/ A(t)dt,
Qx(0,7—7) 0
where
A(t): = /(ﬂg(x t+7) — tg(w,t))’dw
= Z | M|( u3] _u3] )2
MeT
= D 1M1 — i) — i)
MeT
nl(t)
ni(t no(t n n—
= > (up —up®) 3" M| (- ug)
MeT n=no(t)+1
Nat
= > (g —ut N> vt )M (ug; - ui )
MeT n=1
with
Nat
Aty = D (i =) ST x4 7) | M= Atk 00 (U ;)
MeT n=1
Nat
As(t): = D (i — w0 (bt + 1) M[( 02 0 ) (U) — (102 0 o) (U3)].

MeT n=1
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About the A;(t) term note that

T—1 Nag T—1
/ Ayt < STALY T (ust® — )| Mk 00 (Ul / Xn (£, + 7)dt]
0 n=1  Me&(T) 0

< (2T [us| ool ke |0 oo | r] oo 13 [o0) 7

< (Cr.

Finally, with the same argument, it is obtained that there exits a constant C' > 0 such
that, [ 7 Ay(t)dt < CT.
O

Theorem 3.5.6 Under the assumptions (A1)-(A7) the approximate solution (Usp, usp)
given by the scheme (3.5.6)-(3.5.7), without any CFL condition, converges to (Us,us) in
L*(Qr) x L*(Qr) as h and At go to zero.

Proof. The proof follow the same lines of Theorem 3.4.4. In order to show the conver-
gence of Uy, 1= Usgp(x,t) := Uy, and ugp, 1= usp(x,t) := uf,,, in M X [t,, t,11], toward the
weak solution defined in section 3.2.6, it is passed to the limit in the scheme (3.3.6)-(3.3.7).

About Us,. Let us set dop, := as(Usy) on Qp and dwy, := 0 on R3\ Q7. From Proposi-
tions 3.5.2 and 3.5.3, and Lemma 3.5.1, (&) € L®(R3)NL?*(R?). Then, applying Theorem
3.4.3 and Lemma 3.5.1 it is get (following the same lines of Theorem 3.4.4’s proof) that
(Giap) is relatively compact in L?(Qr). Therefore, there exits a subsequence, still denoted
by (Gan), and there exits aj € L?(Qr) such that (égy,) converges to o in L?(Qr). Indeed,
since (Gop) € L®(Qr), this convergence holds in LY(Qr) for all 1 < g < oco. Further-
more, since s is nondecreasing, Theorem 18.2 in [28] gives that af = as(UJ), that is
U; = a5 '(a3). Therefore, () converges to ao(Us) in LY(Qr) (and even in LP(Qr) for

all p € [0,00)).

About ug,. Let us set a3y, := uz, on Qr and 4y, := 0 on R3\Qr. From Propositions
3.5.1 and 3.5.4, and Lemma 3.5.5, (tugy) C L>®(R3) N L*(R3).
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Then, applying the Theorem 3.4.3, (with N =d+1,d=2,¢=2,and w = Q2 x (0,7))
note that the first and second items of Theorem 3.4.3 are clearly satisfied. About the third
hypothesis, note that for n € R? and 7 € R,

||'a3h(' +n,-+ T) - a?)h(', ')||L2(R2+1) <

[tsn (- +1n,-) = tsn (-, -)||2@eery + ||sn(c, -+ 7) — Usn(-, ) |[L2@2+1).

About the term ||tsn(- + 7,-) — Usn(-, -)||L2@m2+1), in this last inequality, note that by
Lemma 18.3 in [28], p.851, there exits a bound C(|n]) > 0, such that ||asy(- +7n,-) —
fsn -+ )l zzean) < C(lnl). and C(lnl) — 0 € o — 0.

By another hand, about the term ||isy(:, - + 7) — Usn(-, -)||L22+1) note that by Lemma
3.5.2, there exits a constant C' > 0, independent of n and 7, such that ||ag,(-,- + 7) —
Usp (-, )|l L2 @e+y < CT.

This yields the compactness of the sequence (as,) in L*(Qr), that is, (ig) is relatively
compact in L?(Qr). Therefore, there exits a subsequence, still denoted by (asp,), and there
exits u} € L*(Qr) such that (usy,) converges to u} in L*(Qr). Indeed, since (ug, € L=(Q7),
this convergence holds in LI(Qr) for all 1 < ¢ < oo. Therefore, (us) converges to u} in
LY(Qr) (and even in LP(Qr) for all p € [0, 00)).

It remains to be shown that (Uj,u%) is a weak solution. Because, the proof follows the

same lines of Theorem 3.4.4, is enough to mention that

ZU"TQT_ZU"{@,MNHMW (U} — | kepsBuon (Ur)usv.
Qr

In Chapter 4 you can find computational experiments for the transport problem in

heap leaching.



Chapter 4
Computational Experiments

The objective of this chapter is to show several computational experiments based in

the models presented in the chapters 2 and 3.

4.1 Introduction

The chapter is organized as follows. In section 4.2 are reported numerical experiments
for the two phase fluid problem, and in section 4.3, are reported numerical experiments

for the compositional transport problem.

4.2 The Two Phase Flow Problem

In this section is considered the fractional flow formulation (fff), (2.2.12)-(2.2.14),
given by (for more details cf. Chapter 2, section 2.2.2)

V-u = 07
u = —k)\(S)(Vp - G)\g>7
62 LV (fulshu = Duls)s — Guls)g) = O

in the unknowns u, p and s = s,,.

88



4.2 The Two Phase Flow Problem 89

4.2.1 Parameters

The numerical solution of system fff require an explicit definition for p.(-) and k,o(-), o =

w, n. In this sense the most usual correlations for a two-phase gas-water system are defined
in Table 1,

Model pc(Sw) krw(sw) an(sw)
“ix 2F3X 22
BC paSe Se (1-8)%(1—58:%)

VG | L(soV™m - SE(1—(1— SY™m)2 | (1 - 8.)7(1 — Sa/™)2m

a

1)1/n

Table 1. Brooks-Corey (BC) and van Genuchten (VG) models, [30].

where S, (s,) := % is the effective saturation, with s, is the residual water saturation.
The BC-parameters are the entry pressure p; > 0 and A, which usually lies between 0.2
and 3.0. The VG-parameters are « > 0 and m = 1 — %, with 0 < m < 1. The parameters
and ~ are form parameters which describe the connectivity of the pores. Generally, ¢ = %
and v = % For an analysis of BC and VG parameters, in the heap leaching context, cf.

[9]. The numerical values of model’s parameters are in in Table 2 (cf. [36]):

name symbol value unit
absolute permeability k 1.78 1071 [m?]
liquid density Pw 1011 [kg/m?]
gas density Pn 1.16 [kg/m?]
porosity 10) 0.33 [—]
liquid viscosity i 1073 [kg/m - s]
gas viscosity Ihn, 1.85-107° | [kg/m - 5]
residual water saturation Swr 0 [—]
initial water saturation s 0.4343 [—]
VG-parameter n 1.411 [—]
VG-parameter o' 1.35-1074 [1/Pal
heap slope 0 /4 radians
heap width W 25 [m]
heap height H 5 [m]

Table 2. Numerical values for physical parameters.
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4.2.2 Characterization of functions p., k.., fu, G, and D,

The behavior of these functions is very important in the mathematical and numerical
analysis of the system (2.2.12)-(2.2.14). In this subsection it is showed their plots according
Table 2. The plot of p. function is given in Figure 4.

x 10"

sw(t=0)

p. [Pa]

W
T
L

0 Il Il Il Il Il
0.4 0.5 o6s [-]o7 0.8 0.9 1
w

Figure 4. Capillary pressure for VG model.

The plot of k,, function is given in Figure 5.

1

0.9r
sw(t:O)

0 0.2 04

Figure 5. Relative permeability for VG model.
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The plot of f, function is given in Figure 6.

1
0.9
0.8
0.7r

~ 0.6
%)

~

% os5f

0.4

0.3
0.2 B

0.1 R
s, (t=0)

o—e ‘ ‘ ‘ ‘

0.4 0.5 0.6 0.7 0.8 0.9 1

S
w

Figure 6. Fractional flow function for VG model.

The plot of GG, function is given in Figure 7.

-6

o x 10 -
sw(t =0)
1k
2
—~_ "3r
=
©«
o;
—al
5
—6
-7 I I I I I I I L L
(0] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
S
w

Figure 7. Gravitational function for VG model.
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The plot of D,, function is given in Figure 8.

x 107"

5

4.5

at+

3.5

—~ 3r
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2.5F
2
1.5
1k

0.5f =
sw(t—O)

0 L L L - T I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

S
w

Figure 8. Capillary diffusion coefficient for VG model.

4.2.3 Solution of MFE-FV scheme

The computational code consider an implicit scheme for MFE method to obtain an
approximation of p(x,t"*!) and u(x,t"*!), where the liquid saturation s, is replaced
by an approximation of s, (x,t"), while that the saturation equation is solved by a cell
centered FV implicit scheme to obtain an approximation of s, (x,t"™!), where the total
velocity u is replaced by an approximation of u(x,¢"™!), [8], [16]. It is used a damped
inexact Newton algorithm for solving the nonlinear system of equations, [3], [30].

A plot of evolution of s, in two points P1 = (13.57,5.00) and P2 = (13.17,2.95) in the
heap (Q is given in Figure 9, for an irrigation ratio R = 5.34[lt/hr/m?].
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0.75
P1=(13.57[m],5.00[m])
0.70
0.651
_ 060 -
I
= =
o ol P2=(13.17[m],2.95[m])

0.45

0.40 i i i i i i i i
0 6 16 26 36 46 56 66 76 86

trhr]
Figure 9. Evolution of s, in two points of €.

A plot of 2D-evolution of s,, in ¢t = 22,42, 64, 84[hr]| is given in Figure 10, for an irrigation
ratio R = 5.34[lt/hr /m?].

t=22[hr]|

t=42[hr]|

t=64[hr]|

t=84[hr]

0.7 0.6 0.5

Figure 10. 2D-evolution of s,,.
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4.3 The Transport Problem

In this section, it is reported numerical results in 2-D based on the scheme presented
in this paper for sulfuric acid (cf. equation (3.2.7)) and copper in liquid and solid phase
(cf. system (3.2.8)-(3.2.9)). Additionally, a sensitivity study has to be conducted. From
qualitative point of view, the numerical results are in according with physical behavior
(cf. [39, 46]).

4.3.1 Initial Set of Parameters

It is considered a heap where height is equal to 3[m] and the bottom weight is equal to
15[m]. Additionally, in this simulation it is considered one isotherm only for the copper in
liquid phase, which is given by ¢y = kqc?. The irrigation rate on the top boundary (I'%) is
given by R = 18]l/hr/m?]. The another parameters are given by: u,, = (18/36)-10°[m/s],
sw=0.7[=], ¢ = 0.33[=], u = 107°[1/s], ke = 8.3-107[m?3/kg-s], kg = 8.67-1075[m?/kg],
ps = 1800[kg/m3], X\s = 0.62[—], G5 = 2.9-1073[kg/kg], 2 = 10[kg/m3], 2 = 0[kg/m?],
and ¢! = 40[kg/m?]. In figures 11, 12 and 13, it is showed the concentration’s evolution

on 19 days, where P1 is a generic point on I'¥, P2 is in the middle of €, and P3 is on I'°.

35

P1

30
25
1=
=« P2
)
15
P3
10

5 I I I I I I I I I I I I I I I I I I I
o 1 2 3 a 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
t [day]

Figure 11. Sulfuric Acid in Liquid Phase: c};.
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kgim ]

CW
c

i I i i i i i i i i I i i i i i i
O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
t [day]

Figure 12. Copper in Liquid Phase: c?.
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Figure 13. Copper in Solid Phase: c}.

4.3.2 Sensitivity Test

In order to test the ability and performance of the model to simulate the leaching pro-
cess under different conditions, and also to provide a basis for optimization of operation
conditions, some sensitivity tests are carried out by changing the parameters of impor-
tance one by one.

In figures 14, 15, 16, 17, 18, 19, it is presented some sensitivity tests. The reference’s
parameters are the initial set defined in before section and the parameters under inves-
tigation are: (i) the volumetric concentration of sulfuric acid in the irrigation solution:
¢! (see Figures 14, 15 and 16 and cf. subsection 3.2.4), (ii) the consumption factor, a

first-order reaction constant: u (see Figure 17 and cf. subsection 3.2.1), (iii) equilibrium

distribution constant: k4 (see Figure 18 and cf. subsection 1.4) and (iv) first-order kinetic



4.3 The Transport Problem 96

constant: k. (see Figure 19 and cf. subsection 3.2.2).

In all following plots, it is showed the evolution on the point P2, which is a generic point
in the middle of heap €2, specifically, P2=(6.9[m],1.6]m]).

Influence of ci. The reference’s value is ¢& = 40[kg/m?]. In Figure 14, 15 and 16, it is
showed the evolution of sulfuric acid in liquid solution ¢, the copper in liquid solution
c?, and copper in solid phase, ¢, respectively; when the reference’s value is amplified to
¢ = 60[kg/m?] and reduced to ¢ = 20[kg/m3].

30

c! =60[kg/m 3]

kgm¥

c! =4a0[kg/m 3]

CW
a

10+ . B . . .

c! =20[kg/m 3]

0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
t [day]

Figure 14. Influence of ¢!, on ¢¥.

3.5 i
c! = 60[kg/m 3
s L i
c! = 40[kg/m ]
~— 2.5 -
5
£
22 i
Fo° ¢l = 20[kg/m 3]
1.5 g a 9 N |
7l | f
0.5
o L

i i i i i i i i i i i i i i i i i i i
0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
t [day]

Figure 15. Influence of ¢!, on ¢¥.
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cl=40[kg/m 3]

[ 3
¢! =20[kg/m ]

c! = 60[kg/m ]

o 1 2 3 a 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
t [day]

Figure 16. Influence of ¢! on c2.

The figures 14, 15, y 16, show that if the level of ¢ increase, the level of copper in liquid
phase c¥ too.

Influence of j. The reference’s value is p = 107°[1/s]. In Figure 17 it is the evolution of
sulfuric acid in liquid solution ¢¥; when the reference’s value is amplified to = 1074[1/s]

and reduced to p = 1075[1/s].

40

u=10"%[1/s]

n=10"°[1/s]

u=10"4[1/s]

O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
t [day]

Figure 17. Influence of y on c¥.

The figure 17, show that if the value of i increase, the level of sulfuric acid in liquid phase
cy diminish.

Influence of k4. The reference’s value is kg = 8.67 - 107°[m?/kg]. In Figure 18 it is
the evolution of copper in liquid solution cY; when the reference’s value is reduced to
kg = 8.67-107%[m3/kg].
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/ k,=8.67*10"°[m %/kg]

k,=8.67*10"°[m /kg]

i i i i i i i i i i i
0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
t [day]

Figure 18. Influence of k; on c.

The figure 18 show that if the value of k; is less, then you have the same concentration
of copper in liquid phase c¢¥ in less time.

Influence of k.. The reference’s value is k. = 8.3 - 107" [m?/kg - s]. In Figure 19 it is
the evolution of copper in liquid solution ¢?; when the reference’s value is reduced to

ke =8.3-10"%[m?/kg - 5].

3
2.5+ : E
. k,=8.3*10""[m/kg*s]
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=
> 2 4
==,
= o
o
1.5- E
ke=8.3*1o*5[m 3/kg*s]
1k i
0.5 l E

i i i i i i i i i i i
0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
t [day]

Figure 19. Influence of k. on c}.

The figure 19 show that if the value of k. is less, the concentration of copper in liquid

phase c¥ too.



Chapter 5
Discusién General (In Spanish)

El objetivo principal de este capitulo (segin el Decreto U. DE C. Nro. 2001-186, Uni-
versidad de Concepcidn) es integrar los principales hallazgos de la investigacion realizada

y ponerlos en el contexto del conocimiento actual.

5.1 Resultados v/s Estado del Arte

En esta seccion se comparan los principales resultados obtenidos en esta tesis con
los resultados publicados por otros autores. El analisis comparativo se desglosa en tres

ambitos: modelo conceptual, analisis numérico y experimentos computacionales.

5.1.1 Modelo Conceptual.

La construccién de un modelo conceptual del proceso de lixiviacién en pilas, utilizando
la teoria de flujos multifdsicos-multicomponentes en medios porosos, es un aporte inédito
de esta tesis (hasta donde alcanza el conocimiento del autor). En efecto, la formulacién
del problema de flujo quitando la hipétesis de una fase gaseosa estatica, estd enunciado
para el caso 1D en [37], pero sin ningin tipo de desarrollo computacional ni tedrico.
Especificamente en [37] se menciona que: desde el punto de vista prdctico este modelo
permitiria controlar y manipular los procesos de liziviacion que dependen de la cantidad

de aire en la pila en un determinado momento y a una determinada altura. Otro trabajo
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en donde si se postula un modelamiento similar al propuesto en esta tesis es [36], el cual
se desarrollé bajo las indicaciones del autor de esta tesis. La diferencia es que en [36] el
modelo matematico a dos fases se resuelve integramente usando el método numérico de
volimenes finitos y el modelo de transporte no considera el consumo del acido sulfurico.
Ademas el autor de [36] utiliza un ambiente computacional ya construido, esto es, no de-
sarrolla coédigo computacional propio ni realiza analisis tedrico alguno. Finalmente, y para
mayor completitud, se menciona [24], en donde se discuten las ventajas del modelamiento

conceptual seguido en esta tesis, y se reportan algunos experimentos computacionales.

5.1.2 Analisis Numeérico.

Ver la Introduccién a los Capitulos 2 y 3, que tratan el anélisis numérico de los modelos
de flujo y transporte, respectivamente, para una comparaciéon con distintas alternativas

reportadas en la literatura y una especificacion de las contribuciones de esta tesis.

5.1.3 Experimentos Computacionales.

Los experimentos computacionales reportados en el Capitulo 4 tienen como finalidad
mostrar la capacidad de los modelos propuestos, tanto de flujo como de transporte, de
generar resultados fisicamente coherentes con la practica industrial y otras simulaciones
reportadas en la literatura. El andlisis que sigue se divide en tres partes: (i) Modelo de

flujo a dos fases, (ii) Modelo de transporte, (iii) Andlisis de sensibilidad.

Modelo de Flujo a Dos Fases

El flujo de una fase fluida liquida, al interior de un medio poroso, puede ocurrir funda-
mentalmente de tres formas: (i) flujo saturado, (ii) flujo no saturado, y (iii) flujo a dos
fases. En el caso (i) el espacio de poros esta completamente lleno con la fase liquida, en el
caso (ii) el espacio de poros esta parcialmente lleno con la fase liquida, esto es, coexisten
las fases liquida y gaseosa, pero la fase gaseosa se supone estdtica, o sea, se descarta una

interaccién e influencia mutuas entre ambas, y el caso (iii) coincide con el caso (ii) pero
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se considera que ambas fases interactian de manera significativa, influenciandose mutua-
mente en su evolucién a través del espacio de poros.

Respecto del caso (i), en el ambito de la lixiviacién, se puede citar [39], por ejemplo. En el
caso (ii) se puede citar a [14], [37] y [46], por ejemplo, en donde, la fase de interés en [14]
es la fase gaseosa, pues se trata de una pila de mineral sulfurado, y el estudio se realiza
en el ambito de la biolixiviacién. En [37] y [46] se utilizé la ecuaciéon de Richards para
aproximar la humedad o el nivel de saturacién de la fase liquida.

Esta tesis aborda el caso (iii), esto es, se formulan las ecuaciones clésicas de flujo a dos
fases para el proceso de lixiviacion en pilas de minerales de cobre. Los tnicos trabajos
conocidos por el autor de esta tesis, en esta direccion, son los ya mencionados, esto es, [8],
[24], y [36]. Como se sabe, la ecuacién de Richards es una caso particular de las ecuaciones
de flujo a dos fases, por lo que esta tesis se ubica en el nivel mas alto de generalizacién, la
cual se hace necesaria cuando se lleva a cabo, por ejemplo, un proceso de aireacién forzada
o riego intermitente en una pila de minerales principalmente sulfurados. Los experimentos
computacionales reportan la implementacién del modelo de flujo a dos fases para pilas
de lixiviacién con parametros fisico-quimicos tomados de la préactica industrial y de otros

experimentos similares reportados en la literatura (ver Figuras 9 y 10, seccién 4.2.3).

Modelo de Transporte

Se considera una pila de lixiviacién formada principalmente por minerales oxidados.
Los antecedentes del modelo de transporte estudiado en esta tesis se encuentran en [39]
y [46]. Consiste en dos submodelos: (i) una ecuacién diferencial parcial del tipo con-
veccién-difusién-reaccién, que modela el consumo de écido sulfirico, y (ii) un sistema
de ecuaciones diferenciales formado por una ecuacién del mismo tipo mencionado en (i),
mas una ecuacion diferencial ordinaria. En este sistema la primera ecuacién modela la
extraccion de cobre desde la fase sélida a la fase liquida, y la segunda ecuacion modela la
evolucion de la concentracion de cobre en fase sélida.

Las figuras 11, 12 y 13, en la seccién 4.3.1, reportan la solucién de los dos submodelos
mencionados anteriormente, para el conjunto de valores numéricos de los parametros in-

dicados. La Figura 11 muestra la evolucion del dcido sulfurico para tres puntos en la pila.
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Se observan distintos valores de estabilidad, con una mayor concentracion de acido en los
niveles superiores de la pila (punto P1), lo que se traduce en una mayor extraccién de
cobre. Este hecho se ve reflejado, también, en la Figura 13, en que para el mismo punto
P1, el cobre en fase solida decrece mas rapido. Se observa una mayor concentracion de
cobre en fase liquida en los niveles inferiores de la pila (ver Figura 12, punto P3) producto
del cobre proveniente de los niveles superiores. Los resultados numericos mencionados son

cualitativamente similares a los reportados por [39] y [46].

Analisis de Sensibilidad

Se realizo un analisis de sensibilidad, de la solucién del modelo de transporte descrito
en la seccién anterior, ante variaciones de los siguientes parametros: (i) ¢, : concentracion
de acido sulfiirico de la solucién de riego en la superficie de la pila (ver Figuras 14,15 y
16), (ii) p : factor de consumo de dcido sulfirico (ver Figura 17), (iii) k4 : constante de
distribucion en equilibrio, presente en la isoterma (ver Figura 18), y (iv) k. : la constante
de extraccion de cobre (ver Figura 19). El tnico estudio similar, segin el conocimiento
del autor de esta tesis, es el realizado en [46], pero no exactamente al mismo conjunto
de pardmetros elegido. Los resultados obtenidos son cualitativamente similares a [46], y
muestran la capacidad del modelo propuesto y de la solucion numérica implementada
computacionalmente, de dar cuenta de la fisica del fendmeno de transporte bajo distintas

condiciones.
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5.2 Conclusiones Generales

1. La teoria macroscopica de medios porosos, que considera el flujo de las fases fluidas
liquida y gaseosa, junto con el transporte e intercambio de especies o componentes
entre las fases liquida, gaseosa y sélida, constituye el marco tedrico natural para

modelar el proceso de lixiviacién en pilas de minerales de cobre (ver Capitulo 1).

2. La solucién numérica de las ecuaciones clasicas de flujo a dos fases utilizando un
esquema que combina el método de elementos finitos mixtos con el método de
volimenes finitos, en el caso de que la ecuacion de saturacién incluya un término
convectivo no lineal, y se consideren condiciones de contorno mas generales, es con-

vergente (ver Capitulo 2).

3. La solucién numérica de un sistema de tres ecuaciones diferenciales del tipo con-
veccion-difusién-reaccién utilizando un esquema que combina el método de voliimenes
finitos para el término convectivo, con el método de elementos finitos para el término

difusivo, es convergente (ver Capitulo 3).

4. Los resultados de los experimentos computacionales realizados para los modelos de
flujo a dos fases y de transporte de componentes, utilizando pardmetros tomados de
la practica industrial, son fisicamente coherentes con la observacion experimental

(ver Capitulo 4).
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5.3 Futuros Desarrollos

1. Modelo Conceptual: (i) incorporar los fenémenos de transporte en pilas de min-
erales sulfurados, considerando la concentracion e intercambio de oxigeno, junto
con condiciones no isotermales, (ii) considerar la deformacién mecanica que sufre la
pila de lixiviacién durante el proceso de riego, (iii) considerar la disminucién en la

porosidad producto del consumo de acido sulfirico.

2. Anadlisis Numérico: (i) realizar el andlisis matematico y numérico de los modelos
de transporte que surgan del punto anterior, (ii) considerar un modelo acoplado de

flujo y transporte, (iii) estudiar los mismos modelos con nuevos métodos numéricos.

3. Experimentacién Computacional: optimizar el cédigo desarrollado por el autor
de esta tesis y el uso del recurso computacional, a través del desarrollo de un mal-
lado adaptivo, por ejemplo. Esto permitiria realizar simulaciones con un intervalo

temporal de mayor longitud, y efectuar un mallado espacial mas fino.

4. Parametros: quitar la hipotesis utilizada en esta tesis de que la porosidad y la per-
meabilidad absoluta son constantes. Esto puede dar origen a problemas matematicos

y numéricos relevantes.
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